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Abstract
We formulate equations for the slow time dynamics of fluid motion that
self consistently account for the effects of the variability upon the mean. The
time-average effects of the fluctuations introduce nonlinear dispersion that acts
to spatially smooth the transport velocity of the mean flow relative to its circu-
lation or momentum velocity, by the inversion of a Helmholtz operator whose
length scale corresponds to the covariance of the fluctuations.
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1 Introduction
We seek equations for the slow time dynamics of fluid motion that self consistently
account for the effects of the variability upon the mean. In formulating such equa-
tions one must choose a suitable decomposition of the flow into its rapid and slowly
varying components and determine a strategy for applying the corresponding averag-
ing procedure. We consider Reynolds type decompositions of either the Lagrangian
fluid trajectory, or the Eulerian fluid velocity. These decompositions lead respec-
tively to either the Lagrangian mean (the time average following a fluid parcel), or
the Eulerian mean (the time average at a fixed position). Our strategy in seeking
self consistent slow time dynamics is to apply these decompositions and their corre-
sponding averaging procedures to Hamilton’s principle for an ideal incompressible
fluid flow. The resulting Lagrangian mean and Eulerian mean equations are obtained
in both cases by using the same Euler-Poincare´ variational framework [1], [2]. Hence,
these equations possess conservation laws for energy and momentum, as well as a
Kelvin-Noether circulation theorem that establishes how the mean properties of the
fluctuations affect the circulation of the mean flow.
Thus, we present two formulations of the mean equations we seek: a Lagrangian
mean theory; and an Eulerian mean theory. It turns out these theories possess a
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certain duality. In particular, the Eulerian mean velocity appears as the momen-
tum, or circulation velocity in the Lagrangian mean dynamics, and vice versa. The
effect of the averaging in either case is to make the advection or transport veloc-
ity smoother than the momentum, or circulation velocity, via the inversion of a
Helmholtz operator that relates the two velocities. The length scale that appears
in this Helmholtz operator is the covariance of the fluctuations, which has its own
dynamics in each case. Thus, the temporal averaging in Hamilton’s principle leads
to a dynamical spatial filtering in the resulting equations of motion. This is the
main point of the paper. The two formulations we present here complement each
other and provide a flexible unified basis for further investigation and analysis of
the effects of fluctuations on mean fluid dynamics.
We begin by introducing new equations that describe the Lagrangian mean ef-
fects of advected fluctuations in 3D incompressible fluid motion. The results include
a new second moment closure model for 3D fluid turbulence. This model describes
dynamically self-consistent interaction between a Lagrangian mean flow and a dis-
tribution of advecting rapid (or random) fluctuations described in slow time (or
statistically) by their Lagrangian mean covariance tensor. Its derivation combines
the Euler-Poincare´ theory of fluid dynamics, the Taylor hypothesis for advection of
the fluctuations and the Reynolds decomposition of the Lagrangian fluid trajectory.
We also consider the effects of rotation and stratification in this model, for the sake
of its potential geophysical applications. To help develop intuition about the so-
lution behavior of these Lagrangian mean models we discuss 1D and 2D subcases,
as well. Then, we compare the Lagrangian mean models with their Eulerian mean
counterparts and emphasize the duality between them.
1.1 Lagrangian mean equations
This Section introduces a new self-consistent dynamical model that describes the
Lagrangian mean effects of advected fluctuations on 3D incompressible stratified
fluid motion in a rotating frame. This model is based on the Lagrangian fluid
description of two standard assumptions: (1) Reynolds decomposition of the La-
grangian fluid trajectory; and (2) the Taylor hypothesis, that rapid fluctuations are
advected by the mean flow. We substitute these two assumptions into Hamilton’s
principle for the Euler equations of an ideal incompressible fluid, and apply the
Lagrangian mean before taking variations. Dissipation is then introduced in the
traditional semi-empirical fashion. The results include a new second moment clo-
sure model for 3D fluid turbulence. The latter is a development of the one point
closure model of Chen et al. [3]– [5], based on the viscous Camassa-Holm equations
(VCHE), also known as the Navier-Stokes alpha model. The Lagrangian mean
Euler-Boussinesq (LMEB) model for a stratified incompressible fluid in a ro-
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d
dt
v − u× curlR(x) +∇p+ gb zˆ = ν ∆˜v , with ∇· u = 0 , (1.1)
where
d
dt
≡
( ∂
∂t
+ u ·∇
)
, v ≡ (1− ∆˜)u , ∆˜ ≡∇ · 〈ξξ〉 · ∇ ,
and
db
dt
= (∇ · κS ·∇) b with 2κS ≡
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (1.2)
These LMEB equations include the standard Euler-Boussinesq (EB) equations as
an invariant subsystem, for which 〈ξξ〉 = 0. The LMEB introduce the additional
dynamics of the covariance 〈ξξ〉 of the rapid fluid parcel displacement fluctuations
into the metric of the dynamical Helmholtz operator, 1 − ∆˜. Because of the
advective nature of the 〈ξξ〉 dynamics, this Helmholtz operator commutes with the
advective time derivative, d/dt for the Lagrangian mean velocity.
The LMEB model introduces two different fluid velocities into the average de-
scription. The velocities in the LMEB equations (1.1) – (1.2) are u, defined to be
the Lagrangian mean velocity; and v = (1−∆˜)u, found later to be the Eulerian
mean velocity, to order o(|ξ|2). It is also useful to think of the velocity u as the
particle, or transport velocity, while the velocity v is the flow, or circulation velocity.
Because of the relation v = (1− ∆˜)u, the transport velocity u is smoother than the
flow, or circulation velocity v, by the inversion of the dynamical Helmholtz operator,
(1− ∆˜). That is, in the advective time derivative d/dt =
(
∂/∂t + u ·∇
)
, we have
u = (1 − ∆˜)−1v. The difference u − v = ∆˜u is the Stokes mean drift velocity,
due to the presence of the rapid fluctuations with Lagrangian mean covariance 〈ξξ〉.
The interpretation of its effects will be a recurring theme in this paper.
The symmetric tensor κS =
1
2d〈ξξ〉/dt is the Taylor diffusivity tensor (de-
fined here without including any antisymmetric corrections due to rotation). The
displacement fluctuation ξ is defined by ξ = Xξ−X with X = 〈Xξ〉 for an averaging
process (the Lagrangian mean) taken at fixed Lagrangian label a and denoted 〈 · 〉
with, e.g.,
X(a, t) = 〈Xξ(a, t ;ω)〉 ≡ lim
T→∞
1
T
∫ T
−T
Xξ(a, t ;ω) dω . (1.3)
Thus, a displacement fluctuation satisfying 〈ξ〉 = 0 is given by
ξ(X, t ;ω) ≡ Xξ(a, t ;ω)−X(a, t) . (1.4)
This displacement fluctuation has covariance
〈ξξ〉 ≡ 〈XξXξ〉 −XX . (1.5)
Here, Xξ(a, t ;ω) is the spatial trajectory of a fluid parcel with Lagrangian label
a that is undergoing EB dynamics. We assume this motion depends on both a
slow time t and a rapid (or random) time variation ω. In taking the Lagrangian
mean of this spatial trajectory, we average at constant fluid label a over its rapid
variation in ω during a time interval T that is long (denoted limT→∞) compared
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to the rapid time scale for variation in ω, but during which the slow time variation
in t may be regarded as fixed. In particular, we shall assume that the result of
the averaging operation 〈 · 〉 is independent of the magnitude of the time interval T .
Thus, in equation (1.4) one may think of the Lagrangian trajectory Xξ(a, t ;ω) as
following the original EB dynamics in a flow regime in which a separation of time
scales into slow (t) and fast (ω) is possible, and think of X(a, t) as following the
approximate slow time dynamics determined by the LMEB equations. We shall see
that p is the Lagrangian mean pressure. The other notation in (1.1) and (1.2) is
standard for fluid dynamics: b is buoyancy; ν is kinematic viscosity; g is the constant
acceleration of gravity; and curlR = 2Ω(x) is the Coriolis parameter, which may
depend on position. The boundary conditions of the dissipative LMEB model are
v = 0 , u = 0 and 〈ξξ〉 · nˆ = 0 on a fixed boundary. (1.6)
When dissipation, rotation and stratification are absent, the LMEB model in
(1.1) – (1.2) reduces to the ideal Lagrangian mean motion (LMM) equations:
d
dt
v +∇p = 0 , with ∇· u = 0 , (1.7)
where
d
dt
≡
( ∂
∂t
+ u ·∇
)
, v ≡ (1− ∆˜)u , ∆˜ ≡∇ · 〈ξξ〉 · ∇ ,
and
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (1.8)
The boundary conditions for this ideal LMM model are:
v·nˆ = 0 , u = 0 , and 〈ξξ〉 · nˆ = 0 on a fixed boundary. (1.9)
The LMM motion equation (1.7) may be rewritten equivalently as( ∂
∂t
+ v ·∇
)
v+ (u− v) ·∇ v︸ ︷︷ ︸
Stokes transport
+∇p = 0 . (1.10)
Thus, perhaps not unexpectedly, the Stokes mean drift velocity u − v = ∆˜u con-
tributes an additional transport term in this motion equation for the Eulerian
mean velocity v. On the invariant manifold 〈ξξ〉 = 0 the LMEB and LMM equation
sets recover their original forms.
The ideal LMM model preserves the total kinetic energy,
E =
1
2
∫
d 3x
(
|u |2 + 〈ξkξl〉u,k · u,l
)
=
1
2
∫
d 3x u · v , (1.11)
in which the Lagrangian covariance of the fluctuations couples to the gradients
of the Lagrangian mean velocity. (Throughout the paper, we sum on repeated
indices.) Conservation of this energy provides L2 control on |∇u|, provided 〈ξξ〉
is bounded away from zero. In fact, for incompressible Lagrangian mean velocity
u, the determinant det〈ξξ〉 is conserved on fluid parcels. Hence, the covariance
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does remain bounded away from zero, if it is initially so. This statement still holds
when order O(|ξ|2) compressibility is allowed. The ideal LMM model also conserves
the domain integrated momentum,
∫
v d 3x. (With boundary conditions (1.9), this
conserved momentum is also equal to
∫
u d 3x.)
The ideal LMM model possesses a Kelvin-Noether circulation theorem
showing how the Stokes drift velocity generates circulation of v. Namely,
d
dt
∮
γ(u)
v · dx = −
∫ ∫
S(u)
[
∇ ∆˜uj ×∇u
j
]
· dS , (1.12)
where the closed curve γ(u) moves with the Lagrangian mean fluid velocity u and is
the boundary of the surface S(u). By virtue of the operator commutation relation
d
dt
∆˜− ∆˜
d
dt
≡
[
d
dt
, ∆˜
]
= 0 , (1.13)
we may also express the ideal LMM motion equation (1.7) in its alternative LMM
form,
∂u
∂t
+ u ·∇ u = − (1− ∆˜)−1∇p , ∇ · u = 0 . (1.14)
In this form, the effect of the advected fluctuations is to smooth the pressure gradient
in an adaptive fashion depending on the velocity shear through the evolution of ∆˜.
The divergence of equation (1.14) yields an elliptic equation for the Lagrangian
mean pressure, p. The Kelvin-Noether circulation theorem corresponding to the
form (1.14) of the LMM motion equation is
d
dt
∮
γ(u)
u · dx = −
∫ ∫
S(u)
[
∇× (1− ∆˜)−1∇p
]
· dS , (1.15)
which represents the circulation dynamics of u, rather than v.
Thus, the presence of the fluctuations with Lagrangian mean covariance 〈ξξ〉 in
the ideal LMM equations has five main effects, relative to the Euler equations:
1. it smoothes the Lagrangian mean (transport) velocity u relative to the Eule-
rian mean (momentum) velocity v;
2. it introduces an additional transport of the Eulerian mean velocity v by the
Stokes drift velocity u− v;
3. it controls ‖∇u‖2 in the L
2 norm via energy conservation (or energy dissipa-
tion, when viscosity is included);
4. it creates circulation of both Eulerian mean velocity v and Lagrangian mean
fluid velocity u around closed loops advecting with the fluid parcels; and
5. it smoothes the pressure gradient in an adaptive fashion depending on the
evolution of the fluctuation covariance 〈ξξ〉, driven by the velocity shear ∇u.
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Most of this paper is devoted to deriving the LMM and LMEB equations by
approximating Taylor series expansions and averaging over the rapid time depen-
dence in Hamilton’s principle for the Euler equations of an ideal incompressible
fluid. We average over “fast time” at fixed Lagrangian fluid label in Hamilton’s
principle for the Euler equations. This averaging over the rapid “microscopic” fluid
motions allows us to extract an approximate Lagrangian mean Hamilton’s principle
whose Euler-Lagrange equations describe the remaining slow “macroscopic” fluid
motions. After a discussion of these Euler-Lagrange equations from the viewpoint
of the Lagrangian fluid parcel description, we use the Euler-Poincare´ theory of Holm,
Marsden and Ratiu [1], [2], to develop and analyze the ideal LMM equations (1.7) –
(1.8) in the Eulerian description. We then add rotation and stratification to derive
the ideal LMEB equations. Finally, we introduce dissipation according to the tra-
ditional semi-empirical reasoning by requiring that the energy dissipation rate be
negative definite. This both adds the fluctuation-dependent viscosity in the motion
equation and introduces the dynamics for the Taylor diffusivity tensor κS into the
buoyancy equation.
A second moment Lagrangian mean turbulence model is obtained by
adding phenomenological viscosity ν∆˜v and forcing F to the ideal LMM motion
equation (1.7), so that,( ∂
∂t
+ u ·∇
)
v +∇p = ν ∆˜v + F , ∇·u = 0 , (1.16)
with viscous boundary conditions (1.6). Note that the Lagrangian mean fluctuation
covariance appears in the dissipation operator ∆˜. In the absence of the forcing
F, this viscous LMM turbulence model dissipates the energy E in equation (1.11)
according to
dE
dt
= − ν
∫
d 3x
[
tr(∇uT · 〈ξξ〉 · ∇u) + ∆˜u · ∆˜u
]
. (1.17)
This strictly negative energy dissipation rate is the reason for adding viscosity with
∆˜, instead of using the ordinary Laplacian operator.
The generalization of the Lagrangian mean motion model to Riemannian man-
ifolds – to make it applicable in any coordinate system and to elucidate its intrin-
sic geometrical structure – will be discussed elsewhere [6]. We will also defer the
derivation of the isopycnal and hydrostatic versions of this model to another time
and place [7].
1.2 Eulerian mean equations
We shall also present a parallel development of these Lagrangian mean results,
but applied to Eulerian mean models. The Eulerian mean Euler-Boussinesq
(EMEB) equations are given by
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d
dt
V + Vj∇U¯
j − U¯× curlR(x) +∇PEtot
+gb zˆ +
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E = ν ∆˜EV , (1.18)
where
d
dt
≡
( ∂
∂t
+ U¯ ·∇
)
, V ≡ (1− ∆˜E)U¯ , ∆˜E ≡∇ · 〈 ζζ〉E·∇ ,
db
dt
= κ∆˜Eb ,
d
dt
〈 ζζ〉E = 0 , PEtot ≡ P −
1
2
|U¯ |2 −
1
2
〈ζkζ l〉E
(
U¯,k · U¯,l
)
,
and ∇· U¯ = 0 , where U¯ ≡ 〈U〉E . (1.19)
Here P is the Eulerian mean pressure, and ν and κ are constants representing
viscosity and diffusivity, respectively. The boundary conditions for this viscous
EMEB model are:
V = 0 , U¯ = 0 , and 〈 ζζ〉E·nˆ = 0 on a fixed boundary. (1.20)
These equations correspond to the same level of approximation as those for
LMEB, but they are based on the Eulerian mean velocity U¯, appearing in the
Reynolds fluid velocity decomposition,
U(x, t;ω) ≡ U¯(x, t) +U ′(x, t;ω) . (1.21)
The Eulerian mean averaging process at fixed position x is denoted 〈 · 〉E with,
e.g.,
U¯(x, t) = 〈U(x, t ;ω)〉E ≡ lim
T→∞
1
T
∫ T
−T
U(x, t ;ω) dω . (1.22)
We shall show that the Eulerian velocity fluctuation U ′ is related to the Eulerian
displacement fluctuation ζ by
0 = ζ · ∇U¯+U ′(x, t ;ω) . (1.23)
Consequently, the Eulerian mean kinetic energy due to the velocity fluctuation sat-
isfies
〈 |U ′|2 〉E = 〈ζkζ l〉EU¯,k · U¯,l . (1.24)
Note that the advection of the Eulerian mean displacement fluctuation covariance
〈 ζζ〉E by the Eulerian mean velocity U¯ is componentwise: d〈 ζζ〉E/dt = 0, so
each component of this symmetric tensor is carried along with the Eulerian mean
flow as if it were a scalar function. Moreover, we shall show that the momentum
V appearing in the Euler-Poincare´ formulation of these EMEB equations is in fact
the Lagrangian mean velocity for this theory. This duality between Lagrangian
mean and Eulerian mean theories is another theme of the present paper.
In the absence of dissipation, rotation and stratification, the EMEB model in
(1.18) – (1.19) reduces to the ideal Eulerian mean motion (EMM) equations:
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( ∂
∂t
+ U¯ ·∇
)
V+ Vj∇U¯
j +∇PEtot +
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E = 0 , (1.25)
where V ≡ (1− ∆˜E)U¯ , ∆˜E ≡∇ · 〈 ζζ〉E·∇ ,
∇·U¯ = 0 , and
( ∂
∂t
+ U¯ ·∇
)
〈 ζζ〉E = 0 . (1.26)
The boundary conditions for this ideal EMM model are:
V·nˆ = 0 , U¯ = 0 , and 〈 ζζ〉 · nˆ = 0 on a fixed boundary. (1.27)
The EMM motion equation (1.25) may be rewritten equivalently as( ∂
∂t
+V ·∇
)
V+ (V − U¯)× curlV︸ ︷︷ ︸
Stokes vortex force
+ ∇P −
1
2
〈ζkζ l〉E∇
(
U¯,k · U¯,l
)
= 0 .
(1.28)
Thus, the Stokes mean drift velocity V − U¯ = ∆˜EU¯ contributes an additional
vortex force in this motion equation for the Lagrangian mean fluid velocity V.
On the invariant manifold ∇〈 ζζ〉E = 0 the EMM equation set reduces to the
3D ideal Camassa-Holm model [1], [2]. The Eulerian mean system (1.25) – (1.26)
recovers the 3D ideal Camassa-Holm model as an invariant subsystem for 〈ζkζ l〉E =
α2δkl, with α a constant length scale.
The ideal EMM model preserves the total kinetic energy,
E =
1
2
∫
d 3x
(
|U¯ |2 + 〈ζkζ l〉EU¯,k · U¯,l
)
=
1
2
∫
d 3x U¯ ·V , (1.29)
in which the Eulerian covariance of the fluctuations couples to the gradients of the
Eulerian mean velocity. Conservation of this energy provides L2 control on |∇U¯|,
provided 〈ξξ〉E is bounded away from zero, which it will be, if it is initially so. The
ideal EMM model also conserves the domain integrated momentum,
∫
V d 3x. (With
boundary conditions (1.27), this conserved momentum is also equal to
∫
U¯ d 3x.)
The ideal EMM model possesses a Kelvin-Noether circulation theorem
showing how the Stokes drift velocity generates circulation of V. Namely,
d
dt
∮
γ(U¯)
V · dx = −
1
2
∫ ∫
S(U¯)
[
∇
(
U¯,k · U¯,l
)
×∇ 〈ζkζ l〉E
]
· dS , (1.30)
where the closed curve γ(U¯) moves with the Eulerian mean fluid velocity U¯ and is
the boundary of the surface S(U¯).
Thus, the presence of the fluctuations with Eulerian mean covariance 〈 ζζ〉E in
the ideal EMM equations has four main effects, relative to the Euler equations:
1. it smoothes the Eulerian mean (transport) velocity U¯ relative to the La-
grangian mean (momentum) velocity V;
2. it introduces an additional vortex force into the Lagrangian mean velocity
equation due to the Stokes drift velocity U¯−V = ∆˜EU¯;
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3. it controls ‖∇U¯‖2 in the L
2 norm via energy conservation (or energy dissipa-
tion, when viscosity is included); and
4. it creates circulation of Lagrangian mean velocity V around closed loops ad-
vecting with the Eulerian mean velocity U¯.
A second moment Eulerian mean turbulence model is obtained by adding
phenomenological viscosity ν∆˜EV and forcing F to the ideal EMM motion equation
(1.25), so that,( ∂
∂t
+ U¯ ·∇
)
V + Vj∇U¯
j + ∇PEtot +
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E (1.31)
= ν ∆˜EV+ F , where ∇· U¯ = 0 ,
with viscous boundary conditions (1.20). Note that the Eulerian mean fluctuation
covariance appears in the dissipation operator ∆˜E . In the absence of the forcing
F, this viscous EMM turbulence model dissipates the energy E in equation (1.29)
according to
dE
dt
= − ν
∫
d 3x
[
tr(∇U¯T · 〈 ζζ〉E ·∇U¯) + ∆˜EU¯ · ∆˜EU¯
]
. (1.32)
This energy dissipation law justifies adding viscosity with ∆˜E, instead of using the
ordinary Laplacian operator.
1.3 Outline of the paper
In Section 2, we shall recall the Euler-Poincare´ equations (2.11) in the context of the
ideal Euler fluid equations. In Section 3, we shall introduce into Hamilton’s principle
for Euler’s equations the Reynolds decomposition of a Lagrangian fluid trajectory as
the sum of its mean and fluctuating parts. In the remainder of Section 3, we shall:
substitute this decomposition into the Lagrangian for Euler’s equations; transform
the resulting rapid (or random) Lagrangian L(ω) in equation (3.4) into the Eulerian
description; make an approximation of it based on truncating a Taylor expansion;
take its Lagrangian mean, denoted 〈L〉 in equation (3.34); and finally use the Euler-
Poincare´ theorem to obtain approximate Lagrangian mean motion equations at order
O(|ξ|2). In Section 4 we shall provide the physical interpretations of the quantities
arising during this modeling procedure and compare the resulting equations with
other models. In Section 5 we shall discuss both ideal and viscous one point closure
models based on the Euler-Poincare´ equation. We shall also compare these one
point closure models with Reynolds-averaged Navier-Stokes (RANS) models, Large
Eddy Simulation (LES) models, and the Leray regularization of the Navier-Stokes
equations.
In Section 6 we shall augment the Euler-Poincare´ equation in (6.7) to include
dynamically varying correlations of the rapid/random fluctuations and use this La-
grangian mean fluid theory to derive a new approximate motion equation for the
slow evolution of the Lagrangian mean fluid velocity in Eulerian coordinates. This
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is the basis for the Eulerian analysis of the Lagrangian mean motion (LMM) model.
The LMM equations in (6.17) – (6.20) will include self-consistent forces caused by
the correlations of the rapid/random fluctuations and expressed in terms of their
Lagrangian mean covariance tensor, 〈ξξ〉. The approximate dynamics of the co-
variance tensor 〈ξξ〉 itself will also be determined, thereby producing a two point,
or second moment, Lagrangian mean closure of Euler’s ideal incompressible fluid
equations. Several properties of this ideal second moment closure model are also de-
rived in Section 6, including its conservation laws for momentum and energy, and its
Kelvin-Noether circulation theorem, which are all inherited from the Euler-Poincare´
formulation. We note that the Lagrangian mean effects of the rapid fluctuations are
purely dispersive at this stage and, thus, are energy conserving.
The Lie-Poisson Hamiltonian structure of the ideal LMM model is given in Sec-
tion 7. Its 2D behavior is discussed briefly in Section 8. Upon adding viscosity
in Section 9, we shall introduce a second moment Lagrangian mean closure of the
Navier-Stokes equations corresponding to the LMM model and compare this closure
with the Reynolds averaged Navier-Stokes equations.
In Section 10, we shall discuss geophysical applications of these ideas and use
our approach via the Euler-Poincare´ theory to derive the Lagrangian mean Euler-
Boussinesq (LMEB) equation set (10.2) – (10.3) for the Lagrangian mean motion of
a rotating stratified turbulent incompressible fluid. Section 11 considers lower di-
mensional subcases in one and two dimensions, in an effort to help develop intuition
about the solution behavior of these Lagrangian mean models.
Section 12 studies the Eulerian mean counterpart of the LMM model and empha-
sizes the duality and parallel mathematical structures shared in the two approaches
through their formulations as Euler-Poincare´ equations. Section 13 adds rotation
and stratification to the Eulerian mean model, then discusses some of its aspects in
fewer dimensions. Section 14 contains a summary and conclusions.
2 Review of Hamilton’s principle and Euler-Poincare´
equations for ideal fluids
Consider the Lagrangian L comprised of fluid kinetic energy with volume preserva-
tion imposed by a Lagrange multiplier P (the pressure),
L(X, X˙) =
∫
d 3a
{
1
2
∣∣∣X˙(a, t)∣∣∣2 + P (X(a, t), t)( det(X ′a)(a, t)− 1)
}
. (2.1)
Here, X(a, t) is the Lagrangian fluid trajectory: that is, x = X(a, t) is the current
position of the material point starting at initial position a at time t = 0. We denote
the derivatives of the function X(a, t) by X˙ = ∂X/∂t and X ′a = ∂X/∂a. After a
brief calculation, Hamilton’s principle,
δ
∫
dtL = 0, (2.2)
Lagrangian and Eulerian mean fluctuation effects D. D. Holm 13
for the Lagrangian L(X, X˙) yields the following Euler-Lagrange equations,
δX :
∂
∂t
∣∣∣∣
a
δL
δX˙
−
δL
δX
= 0 , (2.3)
given explicitly by (dropping boundary and endpoint contributions),
δX : X¨+ det(X ′a)
∂P
∂X
= 0 , (2.4)
δP : det(X ′a) = 1 . (2.5)
These are Euler’s equations for the incompressible motion of an ideal fluid in the
Lagrangian description.
We obtain the Eulerian description of this motion by defining the Eulerian fluid
velocity U(x, t) and volume element D(x, t) via the basic kinematic relations,
U(x, t) = X˙(a, t) and D(x, t) =
(
detX ′a(a, t)
)−1
at x = X(a, t) . (2.6)
The volume element D satisfies the continuity equation,
∂D
∂t
+∇· (DU) = 0 . (2.7)
The volume element D(x, t) is an advected quantity, (sometimes called “frozen-
in”). By this, we mean a quantity that is expressible purely in terms of Lagrangian
labels; so that it is invariant along the Lagrangian mean fluid trajectory, or equiva-
lently, satisfies a certain Lie-derivative relation [1]. For example, the volume element
D(x, t) is expressible as the Jacobian for the transformation from Lagrangian to Eu-
lerian coordinates. Thus, the volume element satisfies
Dd 3x = d 3a , (2.8)
and the continuity equation (2.7) is implied by the corresponding invariance re-
lation for such an advected quantity, in this case,
0 =
∂
∂t
∣∣∣
a
(d 3a) =
(
∂
∂t
+£U
)
(Dd3x) =
(
∂D
∂t
+∇· (DU)
)
(d3x) , (2.9)
where £U denotes Lie derivative with respect to the vector field U(x, t), the Eu-
lerian fluid velocity. The basic relations (2.6) allow one to transform the Lagrangian
(2.1) into Eulerian variables as
L =
∫
d 3x
{
D
2
|U(x, t)|2 + P (x, t)
(
1−D(x, t)
)}
. (2.10)
Hamilton’s principle δ
∫
dtL = 0 for a Lagrangian L(U,D) defined in this way
yields the following Euler-Poincare´ equation for U, see Holm, Marsden and
Ratiu [1], [2],
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(
∂
∂t
+U ·∇
)
1
D
δL
δU
+
1
D
δL
δU j
∇U j −∇
δL
δD
= 0 , (2.11)
(throughout, we sum on repeated indices) and the Lagrange multiplier P imposes
the constraint,
δL
δP
= 0 . (2.12)
Substituting the variational derivatives of the Lagrangian (2.10),
1
D
δL
δU
= U ,
δL
δD
=
1
2
|U |2 − P ,
δL
δP
= 1−D , (2.13)
into the Euler-Poincare´ equation (2.11) with constraint (2.12) and using continuity
(2.7) yields Euler’s equations for the incompressible motion of an ideal fluid in the
Eulerian description, namely,(
∂
∂t
+U ·∇
)
U+∇P = 0 , ∇·U = 0 . (2.14)
For Lagrangians of the type (2.1) — specifically those Lagrangians that are in-
variant under “particle relabeling” (by the right-action of the volume preserving
diffeomorphism group acting on the tangent space of the fluid parcel trajectories)
— the Euler-Poincare´ equations (2.11) are equivalent to the Euler-Lagrange equa-
tions (2.3). See Holm, Marsden and Ratiu [1], [2] for more details, discussions and
proofs of this type of equivalence.
Of course, the Euler equations (2.14) could also be found by directly trans-
forming the Euler-Lagrange equations (2.4) from the Lagrangian, to the Eulerian
description by using the basic relations (2.6). This would avoid the step of trans-
forming Hamilton’s principle into the Eulerian description. And this is the point:
the equivalence of the Euler-Lagrange equations (2.3) and the Euler-Poincare´ equa-
tions (2.11) facilitates easy, immediate transitions from one description to the other
that are helpful in developing approximate fluid models and interpreting their solu-
tion properties. In this paper, we shall take both the Lagrangian, and the Eulerian
viewpoints, switching from one to the other whenever it facilitates our purpose in
the development of these models. In the end, we shall be writing Eulerian represen-
tations of approximate fluid models, found by taking either Lagrangian, or Eulerian
means of Hamilton’s principle and then applying the Euler-Poincare´ theory.
3 Averaged Lagrangians and Euler-Lagrange equations
3.1 Lagrangian fluid trajectory fluctuations
The trajectory of a Lagrangian fluid parcel Xξ(a, t ;ω) may be decomposed into its
mean and fluctuating parts as
Xξ(a, t ;ω) = X(a, t) + ξ(X(a, t), t ;ω) . (3.1)
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This is the Reynolds decomposition of a Lagrangian fluid trajectory. Here ξ =
Xξ−X is a rapid (or perhaps random) vector field of fluctuations defined along the
Lagrangian fluid trajectory. The independent variable ω in equation (3.1) denotes
either rapid time variation, or random fluctuations. So the variable ω is allowed a
dual interpretation. In its first interpretation, ω is regarded as a short time scale
associated with rapid fluctuations. In its second interpretation, ω may be regarded
as a random variable associated with a stochastic process obeyed by the fluctuations
and defined along the Lagrangian fluid trajectory X with label a and slow time
variation t. This variability may be regarded equally well as being either intrinsic,
or extrinsic. We may assume the the fluid trajectory is fluctuating intrinsically;
or, we may assume the fluid is subjected to a random forcing, which introduces a
stochastic component into its acceleration, resulting eventually in the decomposition
(3.1) of the Lagrangian fluid trajectory.
We denote by 〈·〉 the averaging procedure performed at constant Lagrangian
label a and time t. This averaging is performed either over the rapid time ω,
〈f〉 ≡ lim
T→∞
1
T
∫ T
−T
f(ω) dω , (3.2)
or, alternatively, with respect to a certain probability distribution P(ω) associated
with the random event ω,
〈f〉 ≡
∫
f(ω)P(ω) dω , with
∫
P(ω) dω = 1 . (3.3)
Such an average taken while holding Lagrangian labels a fixed is called a La-
grangian mean. The fluctuations are assumed to have zero Lagrangian mean,
〈ξ〉 = 0; so the quantity X(a, t) in equation (3.1) is the mean Lagrangian fluid tra-
jectory, since 〈Xξ(a, t ;ω)〉 = X(a, t). Thus, the quantity ξ describes the fluctuating
displacement of the fluid trajectory, relative to its Lagrangian mean. In the pres-
ence of these rapid (or random) fluctuations, the Lagrangian L in equation (2.1)
appearing in Hamilton’s principle (2.2) contains both slowly varying mean variables
and rapidly fluctuating, or random variables. Thus, the Lagrangian (2.1) becomes
L(ω) =
∫
d 3a
{
1
2
∣∣∣X˙ξ(a, t ;ω)∣∣∣2 + P (Xξ(a, t ;ω), t)[ det(Xξ ′a )(a, t ;ω) − 1]
}
, (3.4)
where superscript ξ denotes the Reynolds decomposed Lagrangian fluid trajectory
in equation (3.1).
3.2 Induced Eulerian velocity fluctuations
The decomposition Xξ in (3.1) of the Lagrangian fluid trajectory into its mean and
fluctuating components implies a corresponding decomposition of the associated
Eulerian velocity field. Via the basic kinematic relations for the fluid velocity,
U (x+ ξ(x, t ;ω), t) = X˙ξ(a, t ;ω) for x+ ξ(x, t ;ω) = Xξ(a, t ;ω) , (3.5)
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we have
U (x + ξ(x, t ;ω), t) =
d
dt
(
x+ ξ(x, t ;ω)
)
= u (x, t) +
d
dt
ξ(x, t ;ω), (3.6)
where
d
dt
≡
∂
∂t
+ u (x, t) ·∇, (3.7)
defines the advective time derivative. Since the displacement fluctuations of the
fluid trajectory have zero Lagrangian mean, 〈ξ〉 = 0, the corresponding velocity
fluctuations will also have zero Lagrangian mean, so that 〈dξ/dt〉 = 0, as well.
Therefore, upon taking the Lagrangian mean of equation (3.6) we find the relation
u (x, t) = 〈U (x + ξ, t)〉 = X˙(a, t) . (3.8)
Thus, the quantity u (x, t) appearing equations in (3.6) and (3.7) is the Lagrangian
mean fluid velocity at the position x = X(a, t) along the fluid trajectory with
Lagrangian label a.
We use the basic relations in (3.5) to transform variables in the Lagrangian (3.4)
from labels a, to position along the mean fluid trajectory x = X(a, t), yielding
L(ω) =
∫
Dd 3x
{
1
2
∣∣U(x+ ξ(x, t ;ω), t)∣∣2
+P (x+ ξ(x, t ;ω), t)
[
det(Xξ ′X ) det(X
′
a)− 1
]}
, (3.9)
where the volume element D satisfies det(X ′a) = D
−1(x, t). Consequently, the time
dependence of the product of determinants splits into two factors,
det(Xξ ′X ) det(X
′
a) = D
−1(x, t)︸ ︷︷ ︸
slow
det
(
I +∇ξ(x, t ;ω)
)︸ ︷︷ ︸
fast (or random)
. (3.10)
Hence we may rewrite equation (3.9) for the Lagrangian L(ω) in the Eulerian de-
scription equivalently as
L(ω) =
∫
d 3x
{
D
2
∣∣U(x+ ξ(x, t ;ω), t)∣∣2 + P (x+ ξ(x, t ;ω), t)[ det(I +∇ξ)−D]} .
(3.11)
3.3 A Taylor series approximation to order O(|ξ|2)
Until this point in the development, we have made no approximations. Now, though,
we shall assume that the magnitude |ξ| of the rapid fluctuations is small enough to
allow meaningful Taylor expansions of the unapproximated Eulerian velocity U and
pressure P as,
U(x+ ξ(x, t ;ω), t) = u(x, t) +
dξ
dt
(3.12)
= U(x, t) + ξ(x, t ;ω) ·∇U(x, t) +O(|ξ|2) . (3.13)
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Taking averages and setting 〈ξ〉 = 0 and 〈dξ/dt〉 = 0 in the two expressions for
U(x+ ξ, t) in (3.12) and (3.13) gives
〈U(x+ ξ(x, t ;ω), t)〉 ≡ u(x, t) = U(x, t) +O(|ξ|2) , (3.14)
where u(x, t) is again the Lagrangian mean velocity. Thus, the slowly varying
velocities u(x, t) and U(x, t) differ only at order O(|ξ|2).
A similar Taylor expansion result holds for pressure,
P (x+ ξ(x, t ;ω), t) = P (x, t) + ξ(x, t ;ω) ·∇ P (x, t) +O(|ξ|2) . (3.15)
Taking averages then gives a relation for the Lagrangian mean pressure, p,
〈P (x+ ξ(x, t ;ω), t)〉 ≡ p(x, t) = P (x, t) +O(|ξ|2) . (3.16)
Hence, the pressures p(x, t) and P (x, t) also differ at order O(|ξ|2). We shall discuss
the physical meaning of equations (3.14) and (3.16) further and model their order
O(|ξ|2) terms in detail later, in Section 4. Here, we only emphasize that the present
approach ascribes all of the rapid variation in velocity U(x + ξ, t) and pressure
P (x+ξ, t) to the Lagrangian trajectory fluctuation displacement ξ(x, t ;ω); whereas
there could be an additional Eulerian fluctuation in the functions U and P , them-
selves, e.g., one could take U(x + ξ, t ;ω). We shall return to the issue of properly
representing the velocity and pressure fluctuations in Section 4, when we compare
their Lagrangian and Eulerian representations.
Taking the difference between equations (3.12) and (3.13) and using equation
(3.14) now yields an equation for the modulational dynamics of ξ(x, t ;ω) in slow
time, valid to order O(|ξ|2),
dξ
dt
=
∂ξ
∂t
+ u(x, t) ·∇ ξ = ξ ·∇ u(x, t) . (3.17)
This equation is also equivalent to the vector field commutation relation,[ d
dt
, ξ ·∇
]
=
[ ∂
∂t
+ u(x, t) ·∇ , ξ ·∇
]
= 0 . (3.18)
Hence, we find the remarkable relation,
d
dt
ξ ·∇A(x, t) = ξ ·∇
d
dt
A(x, t) , (3.19)
for any vector A(x, t), provided relation (3.17) holds. We shall see in a moment
that this is an exact relation, provided the fluctuation field ξ in the decomposition
(3.1) satisfies ξ(X(a, t), t ;ω) = (ξ˜(a ;ω) · ∂∂a)X(a, t), in which the dependences on
fast and slow time variables are separated (factored).
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3.4 Remarks about advected quantities and Taylor’s hypothesis
We shall show that, geometrically, equation (3.17) means that the slow evolution, or
modulation, of the fluctuation vector field ξ(x, t;ω) is invariant under the flow of the
Lagrangian mean velocity, u(x, t). In other words, this vector field is an advected
quantity, “frozen” into the flow of the Lagrangian mean velocity. This situation is
analogous to either the vorticity stretching equation for the 3D incompressible ideal
Euler equations, or the ratio of magnetic field intensity to mass density in ideal
magnetohydrodynamics, [1]. Following the solution attributed to Cauchy [8] for the
3D vorticity stretching equation, the solution of the advection condition (3.17) may
be expressed in components in separated form as
ξi (X(a, t;ω), t ) = F iA(a, t)︸ ︷︷ ︸
slow
ξ˜A(a ;ω)︸ ︷︷ ︸
fast
, with F iA = (X
′
a)
i
A =
∂Xi(a, t)
∂aA
. (3.20)
To verify this solution, one may substitute it into ∂ξ˜A(a ;ω)/∂t|a = 0, where ξ˜
A =
(F−1)Ai ξ
i and (F−1)Ai is the matrix inverse of F
i
A, so that (F
−1)Ai F
i
B = δ
A
B and
F iA(F
−1)Aj = δ
i
j . The existence of these matrix inverse relations is guaranteed by
preservation of fluid volume,
det(X ′a) = det(F
i
A) ≡ detF = 1 . (3.21)
We also note the relation,
F˙ kC (F
−1)Cj (a, t) =
∂uk
∂xj
(x, t) , for x = X(a, t) . (3.22)
Rearranging equation (3.20) implies
ξ · ∇ = ξi(x, t ;ω)
∂
∂xi
= ξ˜A(a ;ω)
∂
∂aA
= ξ˜ ·
∂
∂a
for x = X(a, t) , (3.23)
where ξ˜(a ;ω) may be taken as the initial value in slow time of the fluctuation
ξ(x, t ;ω). Thus, along the Lagrangian mean fluid trajectory the vector field ξ · ∇
with parameter ω may be expressed solely in terms of the Lagrangian labels. This
means ξ · ∇ is an advected quantity, invariant in slow time along the Lagrangian
mean fluid trajectory, just as indicated by the commutation relation (3.18). Fur-
thermore, to order O(|ξ|2) the decomposition (3.1) may be expressed using relation
(3.23) as
Xξ(a, t ;ω) = X+ ξ(X, t ;ω) =
(
1 + ξ˜A(a ;ω)
∂
∂aA
)
X(a, t) . (3.24)
Conversely, we may show that advection of the Lagrangian vector field ξ˜(a ;ω)· ∂∂a
implies the advection condition (3.17) for the slow time evolution of the Eulerian
vector field ξ · ∇, since (in analogy to the calculation (2.9) for the Lagrangian
invariance of the volume element),
0 =
∂
∂t
∣∣∣
a
(
ξ˜(a ;ω) ·
∂
∂a
)
=
(
∂
∂t
+£u
)
(ξ · ∇)
=
[
∂ξ
∂t
+ u ·∇ ξ − ξ ·∇ u
]
·∇ , (3.25)
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where £u denotes Lie derivative with respect to the Lagrangian mean fluid velocity,
u(x, t). Vanishing of the term in brackets recovers the Eulerian invariance equa-
tion (3.17), which we now understand is equivalent to assuming the separated form
ξ(X(a, t), t ;ω) = (ξ˜(a ;ω) · ∂∂a)X(a, t) in the decomposition (3.1).
Remark. The advection of the fluctuating vector field ξ · ∇ expressed in relation
(3.17), or its equivalent commutator form (3.25) is an extended form of the Taylor
hypothesis, i.e., that small rapid fluctuation fields are swept downstream with the
mean flow [9], [10]. Relation (3.17) extends the traditional interpretation of Taylor’s
hypothesis to apply to advection of the rapid fluctuations of a vector quantity by
the Lagrangian mean flow. The Taylor hypothesis is usually interpreted [10], [11]
as meaning that turbulent fluctuations satisfy ∂/∂t = −U¯∂/∂x for a sufficiently
short time interval, where U¯ is the (constant) Eulerian mean flow velocity in the x-
direction. The extended form of Taylor’s hypothesis we introduce here asserts that
the advection relation (3.17) holds along each mean Lagrangian fluid trajectory and
accounts for the vector nature of the displacement fluctuation, ξ. According to its
derivation in the steps leading to equation (3.17), this extended Taylor’s hypothesis
is valid to order O(|ξ|2). When u is replaced by (U¯ , 0, 0) with constant U¯ the
advection relation (3.17) reduces to the traditional form of Taylor’s hypothesis,
which is usually applied to scalar quantities, [11].
3.5 Averaged approximate Lagrangians
After the approximations leading to the Taylor hypothesis relation (3.17) with its
geometrical interpretation (3.25), our Lagrangian L(ω) in (3.11) becomes
L(ω) =
∫
d 3x
{
D
1
2
∣∣(1 + ξ(x, t ;ω) ·∇ )u(x, t)∣∣2
+
[(
1 + ξ(x, t ;ω) ·∇
)
p(x, t)
][
det(I +∇ξ)−D(x, t)
]}
, (3.26)
in which p is the Lagrangian mean pressure. Using relation (3.23) transforms this
formula to the Lagrangian picture as, cf. equations (2.1) and (3.4),
L(ω) =
∫
d 3a
{
1
2
∣∣∣∣
(
1 + ξ˜A(a ;ω)
∂
∂aA
)
X˙(a, t)
∣∣∣∣2 (3.27)
+
[(
1 + ξ˜A(a ;ω)
∂
∂aA
)
p(X(a, t), t)
][
det(Xξ ′a )(a, t ;ω) − 1
]}
.
Therefore, we may take the Lagrangian mean of this approximate form of L(ω) to
find the following averaged approximate Lagrangian (using 〈ξ˜ 〉 = 0)
〈L〉 =
∫
d 3a
{
1
2
[ ∣∣X˙(a, t)∣∣2 + 〈ξ˜Aξ˜B〉( ∂X˙
∂aA
·
∂X˙
∂aB
)]
(3.28)
+ p(X(a, t), t)
[〈
det
(
I +
∂ξ
∂X
)〉
det(X ′a)− 1
]
+ det(X ′a)
(〈
ξ det
(
I +
∂ξ
∂X
)〉
·
∂
∂X
)
p(X(a, t), t)
}
.
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In the Eulerian description, this averaged approximate Lagrangian becomes
〈L〉 =
∫
d 3x
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
(3.29)
+ p
[
〈det(I +∇ξ)〉 −D
]
+
(
〈ξ det(I +∇ξ)〉 ·∇
)
p
}
,
where partial spatial derivatives are denoted by subscript comma, e.g., u,k = ∂u/∂x
k =
∂ku, for k = 1, 2, 3. In preparation for using the Euler-Poincare´ theorem, we com-
pute the following the following variational derivatives of the averaged approximate
Lagrangian,
1
D
δ〈L〉
δu
= u−
1
D
(
∂kD〈ξ
kξl〉∂l
)
u,
δ〈L〉
δD
= −p+
1
2
|u |2 +
1
2
〈ξkξl〉
(
u,k · u,l
)
≡ −Ptot, (3.30)
δ〈L〉
δp
= 〈det(I +∇ξ)〉 −D −∇· 〈ξ det(I +∇ξ)〉 .
The natural boundary condition u · nˆ = 0 at a fixed boundary with unit normal
vector nˆ is imposed on the Lagrangian mean velocity in the course of deriving
the Euler-Poincare´ equations. In addition, when taking the variations in (3.30),
we assume in integrating by parts that the fluctuations do not penetrate a fixed
boundary, so that ξ·nˆ = 0 must be satisfied at such a boundary. Consequently,
we have nˆk〈ξ
kξl〉 = 0 at fixed boundaries, as well. We shall discuss variations with
respect to 〈ξkξl〉 after making further approximations in 〈L〉.
3.6 Further approximations
Stationarity of the averaged approximate Lagrangian 〈L〉 in (3.29) and the last
equation in (3.30) imply
D = 〈det(I +∇ξ)〉 −∇ · 〈ξ det(I +∇ξ)〉 . (3.31)
We shall approximate this relation using the identity,
〈det(I +∇ξ)〉 = 1 +∇·〈ξ〉+
1
2
∇· 〈ξ∇ · ξ − ξ · ∇ξ〉+ 〈det(∇ξ)〉 . (3.32)
Since we assume |ξ| to be small (at least typically, or in an average sense), the rela-
tion (3.31) can be given a simple and concise approximate form by neglecting terms
of order O(|ξ|3), or higher, involving 〈det(∇ξ)〉 and ∇·〈ξ det(∇ξ)〉. Namely,
D = 1−
1
2
∇·
[
〈ξ · ∇ξ〉+ 〈ξ(∇ · ξ)〉
]
= 1−
1
2
〈ξkξl〉,k l . (3.33)
This order O(|ξ|2) compressibility due to the presence of the fluctuations is consis-
tent with the findings of generalized Lagrangian mean (GLM) theory, [12], [13], [14].
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Upon substituting the order O(|ξ|2) approximations yielding relation (3.33) into
the Lagrangian (3.28), we find the following averaged approximate Lagrangian,
〈L〉 =
∫
d 3x
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
+ p
[
1−D −
1
2
〈ξkξl〉,k l
]}
. (3.34)
This approximate 〈L〉 returns to the Lagrangian picture as, cf. equations (2.1), (3.4)
and (3.28),
〈L〉 =
∫
d 3a
{
1
2
[ ∣∣X˙(a, t)∣∣2 + 〈ξ˜Aξ˜B〉( ∂X˙
∂aA
·
∂X˙
∂aB
)]
+ p(X(a, t), t)
[
det(X ′a)− 1
]
(3.35)
−
1
2
det(X ′a)〈ξ˜
Aξ˜B〉
[
∂2p
∂aA∂aB
−
∂2Xi
∂aA∂aB
(
F−1
)C
i
∂p
∂aC
]}
.
The two equivalent forms (3.34) and (3.35) of the averaged approximate La-
grangian possess order O(|ξ|2) corrections involving higher order derivatives of the
velocity, or pressure, that are contracted using the metric provided by the La-
grangian mean covariance of the fluctuations, either in its Eulerian form, 〈ξkξl〉,
or in its Lagrangian form, 〈ξ˜Aξ˜B〉. According to relation (3.20), these two represen-
tations of the covariance are related by
〈ξ˜Aξ˜B〉(a) = 〈ξkξl〉(X, t)(F−1)Ak (F
−1)Bl . (3.36)
This relation and the Piola identity,
∂
∂aA
(
detF
(
F−1
)A
k
)
= 0 , (3.37)
provide the transformation laws required in converting between the two expressions
(3.34) and (3.35) for the averaged approximate Lagrangian.
Remark on the covariance determinant. Equation (3.36) for the transforma-
tion of the covariance tensor 〈ξ˜ξ˜〉 as it advects along a Lagrangian fluid trajectory
also implies the following relation for its determinant,
det 〈ξ˜ξ˜〉(a) =
det 〈ξξ〉(X, t)
(detF )2
. (3.38)
Consequently, the product D2 det 〈ξξ〉 is preserved along fluid trajectories,
d
dt
(D2 det 〈ξξ〉) = 0 . (3.39)
Therefore, the covariance of the fluctuations cannot vanish in the course of the
motion, provided it is initially nonzero. Thus, one may regard the principle axes of
the symmetric tensor 〈ξξ〉 as describing an ellipsoid, that is carried along with each
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fluid parcel and represents an additional “internal” degree of freedom for the fluid,
associated with the Lagrangian mean covariance of the advecting fluctuations. This
covariance ellipsoid may deform and change orientation as it follows the course of
the fluid motion, but its volume (the determinant det 〈ξξ〉) cannot either vanish, or
become unbounded, as long as the fluid density D is finite.
Eulerian representation of the covariance dynamics. The time derivative
of the relation (3.36) and the basic relation (3.22) imply
0 =
∂
∂t
∣∣∣
a
〈ξ˜Aξ˜B〉(a) =
( d
dt
〈ξkξl〉 − 〈ξkξj〉ul,j − u
k
,j〈ξ
jξl〉
)
(F−1)Ak (F
−1)Bl . (3.40)
Hence, the Eulerian dynamics for the Lagrangian mean covariance 〈ξkξl〉 may be
expressed as
d
dt
〈ξkξl〉 = 〈ξkξj〉ul,j + u
k
,j〈ξ
jξl〉 , (3.41)
or, in vector form,
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (3.42)
3.7 The Euler-Lagrange equations with order O(|ξ|2) compressibil-
ity
The Euler-Lagrange equations of the averaged approximate Lagrangian (3.35),
∂
∂t
∣∣∣∣
a
δ〈L〉
δX˙
−
δ〈L〉
δX
= 0 , (3.43)
are given by (dropping endpoint contributions),(
1−
∂
∂aA
〈ξ˜Aξ˜B〉
∂
∂aB
)
X¨−
δ〈L〉
δX
= 0 . (3.44)
We shall defer our discussion of δ〈L〉/δX until later. Stationarity of 〈L〉 in (3.35)
under variations in p implies order O(|ξ|2) compressibility,
detF = 1 +
1
2
(
detF 〈ξ˜Aξ˜B〉
)
,AB
+
1
2
detF
(
F−1
)C
i
∂
∂aC
(
〈ξ˜Aξ˜B〉Xi,AB
)
. (3.45)
Equivalently, by using equations (3.36) and (3.37) we find the expected relation,
1 = D +
1
2
〈ξkξl〉,kl . (3.46)
To write the Eulerian form of the motion equation (3.44) we must transform the
operator,
∆˜ ≡
∂
∂aA
〈ξ˜Aξ˜B〉
∂
∂aB
, (3.47)
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from the Lagrangian, to the Eulerian description. For this, we use the metric trans-
formation formula (3.36), the definition (3.21) and the Piola identity (3.37) to find
the transformation law for ∆˜,
∆˜ ≡
∂
∂aA
〈ξ˜Aξ˜B〉
∂
∂aB
=
∂
∂aA
〈ξkξl〉(F−1)Ak (F
−1)Bl
∂
∂aB
= detF (F−1)Ak
∂
∂aA
〈ξkξl〉
detF
(F−1)Bl
∂
∂aB
= detF
∂
∂xk
〈ξkξl〉
detF
∂
∂xl
= D−1
∂
∂xk
D 〈ξkξl〉
∂
∂xl
≡ ∆˜D . (3.48)
Consequently, we also have the remarkable commutation relation between the oper-
ators d/dt and ∆˜D,
d
dt
(
D−1
∂
∂xk
D 〈ξkξl〉
∂
∂xl
)
−
(
D−1
∂
∂xk
D 〈ξkξl〉
∂
∂xl
) d
dt
≡
[
d
dt
, ∆˜D
]
= 0 . (3.49)
This relation allows us to transform the acceleration term in equation (3.44) from
the Lagrangian, to the Eulerian description, as( ∂
∂t
+ u ·∇
)(
1− ∆˜D
)
u−
δ〈L〉
δX
= 0 , (3.50)
or, equivalently, (
1− ∆˜D
)( ∂
∂t
+ u ·∇
)
u−
δ〈L〉
δX
= 0 . (3.51)
In both forms of this motion equation, the divergence of the Lagrangian mean
velocity is given by
∇·u = −
1
D
dD
dt
=
1
2− 〈ξkξl〉,kl
d
dt
〈ξkξl〉,kl =
1
2
d
dt
〈ξkξl〉,kl +O(|ξ|
4) . (3.52)
In its first form (3.50) the presence of the operator (1− ∆˜D) in this motion equation
smoothes the Lagrangian mean transport velocity u relative to the momentum, or
circulation velocity v = (1− ∆˜D)u. In its second form (3.51) the operator (1− ∆˜D)
acts to smooth the generalized force δ〈L〉/δX in an adaptive fashion depending on
the Lagrangian mean covariance 〈ξξ〉, which in turn depends on the velocity shear
∇u. At the moment, the generalized force δ〈L〉/δX is still a Lagrangian quantity.
We shall see in Section 6 how to complete the expression of these equations by
computing δ〈L〉/δX in purely Eulerian form in terms of a fluctuation stress tensor.
Since the averaged Lagrangian in equation (3.35) has no explicit time depen-
dence, Noether’s theorem implies conservation of energy,
E =
1
2
∫
d 3a
{∣∣∣X˙(a, t)∣∣∣2 + 〈ξ˜Aξ˜B〉 ∂X˙
∂aA
·
∂X˙
∂aB
}
,
=
1
2
∫
d 3a
{∣∣∣X˙(a, t)∣∣∣2 + 〈ξkξl〉(X, t)(F−1)Ak (F−1)Bl ∂X˙∂aA · ∂X˙∂aB
}
,
=
1
2
∫
d 3x D
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
) ]
,
=
1
2
∫
d 3x
(
1−
1
2
〈ξiξj〉,ij
)[
|u |2 + 〈ξkξl〉
(
u,k · u,l
) ]
, (3.53)
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where we have used the advection solution (3.36) for the Lagrangian mean covariance
in transforming between the first and second lines, and then transformed into the
Eulerian description in the last line, cf. equation (3.34). The conserved energy
E in (3.53) is the total kinetic energy of the Lagrangian mean motion equation
(3.44), including the mean contribution from the covariance of the rapid (or random)
fluctuations. We note that E contains a term of order O(|ξ|4).
3.8 Restoring incompressibility in the order O(|ξ|2) model
We now simplify matters by restoring incompressibility of the Lagrangian mean fluid
velocity, thereby producing a simplified averaged approximate Lagrangian, cf.
equation (3.34)
〈L〉 =
∫
d 3x
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
+ p
[
1−D
]}
. (3.54)
Here, to regain some simplicity in the analysis below, we dropped terms in the
pressure constraint (3.33) of order O(|ξ|2), but kept terms of the same order in the
kinetic energy piece of the mean Lagrangian in (3.29). The approximate 〈L〉 in
(3.54) so obtained returns to the Lagrangian picture as, cf. equations (2.1), (3.4),
(3.28) and (3.35),
〈L〉 =
∫
d 3a
{
1
2
[ ∣∣X˙(a, t)∣∣2 + 〈ξ˜Aξ˜B〉( ∂X˙
∂aA
·
∂X˙
∂aB
)]
(3.55)
+ p(X(a, t), t)
[
det(X ′a)− 1
]}
.
The particular averaged approximate Lagrangian 〈L〉 in (3.35) also could have been
obtained by substituting the approximate decomposition in equation (3.24) directly
into the kinetic energy term of the original Lagrangian (2.1) and then averaging.
Relative to the starting Lagrangian (2.1) for Euler’s incompressible fluid equa-
tions, our procedure of decomposition, approximation and averaging, followed by
restoring incompressibility of u has merely introduced an additional term into the
kinetic energy of the averaged approximate Lagrangian 〈L〉 in (3.35). This additional
term involves higher order derivatives of the velocity, that are contracted using the
metric defined by the pullback of the advected Lagrangian mean covariance of the
fluctuations, namely, 〈ξ˜Aξ˜B〉, as given in equation (3.36).
3.9 The Euler-Lagrange equations for the LMM model
The Euler-Lagrange equations (2.3) for the simplified averaged approximate La-
grangian (3.55) are immediately obtained as
(
1−
∂
∂aA
〈ξ˜Aξ˜B〉
∂
∂aB
)
X¨ + det(X ′a) ∇p = 0 , (3.56)
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and stationarity under variations in p implies volume preservation, det(X ′a) = 1. To
write the Eulerian form of this equation we must transform the operator ∆˜ as done
in equation (3.48). When volume preservation is imposed, this gives
∆˜ =
∂
∂aA
〈ξ˜Aξ˜B〉
∂
∂aB
=
∂
∂xk
〈ξkξl〉
∂
∂xl
= ∆˜D
∣∣∣
D=1
for D = 1 . (3.57)
This relation allows us to transform equation (3.44) from the Lagrangian, to the
Eulerian description, as
( ∂
∂t
+ u ·∇
)(
1− ∆˜
)
u + ∇ p = 0 , with ∇· u = 0 , (3.58)
or, equivalently,(
1− ∆˜
)( ∂
∂t
+ u ·∇
)
u + ∇ p = 0 , with ∇· u = 0 . (3.59)
These are two equivalent forms of the Lagrangian mean motion (LMM) equa-
tion. In its first form, the presence of the Helmholtz operator (1−∆˜) in this motion
equation smoothes the Lagrangian mean transport velocity u relative to the momen-
tum, or circulation velocity v = (1−∆˜)u. In its second form, the Helmholtz operator
(1 − ∆˜) acts to smooth the pressure gradient in an adaptive fashion depending on
the covariance 〈ξξ〉, which in turn depends on the velocity shear, ∇u.
Since the averaged Lagrangian in equation (3.55) has no explicit time depen-
dence, Noether’s theorem implies conservation of energy, cf. equation (3.53)
E =
1
2
∫
d 3a
{∣∣∣X˙(a, t)∣∣∣2 + 〈ξ˜Aξ˜B〉 ∂X˙
∂aA
·
∂X˙
∂aB
}
,
=
1
2
∫
d 3a
{∣∣∣X˙(a, t)∣∣∣2 + 〈ξkξl〉(X, t)(F−1)Ak (F−1)Bl ∂X˙∂aA · ∂X˙∂aB
}
,
=
1
2
∫
d 3x D
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
) ]
, (3.60)
and D = 1 for the incompressible LMM case.
4 Physical interpretations of u and v as the Lagrangian
and Eulerian mean fluid velocities
In this section we use the extended Taylor hypothesis (3.17) to interpret the velocities
u and v in the Lagrangian mean motion (LMM) model by comparing the results of
Section 3 with the results of the traditional Reynolds fluid velocity decomposition.
The interpretations are as follows: u = 〈U〉L is defined as the Lagrangian mean
fluid velocity (denoted as 〈U〉L in this section only) and v = (1− ∆˜D)u is approxi-
mately the Eulerian mean fluid velocity 〈U〉E . Here, ∆˜D defined in equation (3.48)
is the Laplacian operator whose metric is given by the Lagrangian mean displace-
ment covariance 〈ξkξl〉 for the advected fluctuations. The difference u− v ≡ 〈U〉S
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is called the Stokes mean drift velocity. We shall show that 〈U〉S satisfies the
closure relation 〈U〉S = ∆˜Du. Thus, we shall identify v = u− ∆˜Du as the Eulerian
mean fluid velocity 〈U〉E = 〈U〉L − 〈U〉S .
This section is meant to be self contained. The notation we use here for averaged
quantities such as 〈U〉L, 〈U〉E and 〈U〉S is intended to be as self-explanatory as
possible.
4.1 Stokes mean drift closure relation
The Reynolds decomposition of the Lagrangian fluid trajectory Xξ introduced in
equation (3.1) implies relation (3.6) for the Lagrangian mean fluid velocity u, de-
noted in this section as 〈U〉L,
U(x+ ξ(x, t;ω), t) ≡ 〈U〉L(x, t) +Uℓ(x, t;ω) , with Uℓ ≡
dξ
dt
(x, t;ω) . (4.1)
Note that the slow-time advective derivative,
d
dt
=
∂
∂t
+ 〈U〉L(x, t)·∇ , (4.2)
acts only on (x, t) dependence and does not act on ω dependence. As before, the
angle brackets as in 〈U〉L denote average over dynamical behavior in ω that is either
rapid in time, or random. In comparison, the traditional Reynolds fluid velocity
decomposition is expressed at a given position x in terms of the Eulerian mean
fluid velocity, 〈U〉E as
U(x, t;ω) ≡ 〈U〉E(x, t) +U ′(x, t;ω) . (4.3)
We note that the rapid ω-dynamics appears in different functional forms on the
left hand sides of equations (4.1) and (4.3) in the definitions of 〈U〉L and 〈U〉E .
The Reynolds fluid velocity decomposition in (4.3) describes fluctuations in velocity
without reference to a Lagrangian parcel trajectory. In principle, such a trajec-
tory could be obtained by integrating this decomposition from an initial reference
configuration. Rather than developing the analysis relating these velocity formulas
from a Lagrangian viewpoint, we shall instead follow [12] in presenting an heuris-
tic argument relating these velocities as Eulerian quantities by using Taylor series
approximations and asymptotics in the magnitude |ξ| of the fluctuations.
Taylor expansion of the Reynolds fluid velocity decomposition (4.3) yields
U(x + ξ, t ;ω) = U(x, t ;ω) + ξ · ∇U(x, t ;ω) +
1
2
ξk ξlU,k l(x, t ;ω) +O(|ξ|
3)
= 〈U〉E(x, t) + ξ · ∇〈U 〉E(x, t) +
1
2
ξk ξl〈U〉E,k l(x, t)
+ U ′(x, t ;ω) + ξ · ∇U ′(x, t ;ω) +O(|ξ|3) . (4.4)
Upon assuming we may equate the different functional forms of velocity arising in
the two decompositions as U(x + ξ(x, t;ω), t) = U(x + ξ, t ;ω), comparison of the
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two formulas (4.1) and (4.4) gives
O(1) : 〈U 〉L = 〈U 〉E ; (4.5)
O(|ξ|) :
dξ
dt
= ξ · ∇〈U 〉E +U ′(x, t ;ω) ; (4.6)
O(|ξ|2) : 〈U〉S ≡ 〈U〉L − 〈U〉E
= 〈ξ · ∇U ′〉(x, t) +
1
2
〈ξk ξl〉〈U〉E,k l(x, t) . (4.7)
There is some risk in making this order by order comparison of Taylor expansions,
because of the possibility of double counting the fluctuations when comparing their
Eulerian and Lagrangian representations. However, there are two cases of the order
O(|ξ|) relation (4.6) that are unequivocal:
1. All the fluctuation is modeled in the Lagrangian fluid trajectory. (This is the
case studied here.) Then U ′ = 0 and (4.6) implies dξ/dt = ξ · ∇u. This is
the Taylor hypothesis in (3.17).
2. All the fluctuation is modeled in the Eulerian fluid velocity. Then Uℓ =
dξ/dt = 0 and we obtain U ′ = −ξ · ∇〈U 〉E from equation (4.6). The rela-
tion dξ/dt = 0 is the Taylor-like hypothesis introduced in [23]. We shall
investigate this situation in Section 12, when we deal with Eulerian mean fluid
theories.
For the Stokes mean drift velocity 〈U〉S ≡ 〈U〉L−〈U〉E in the present situation
with purely Lagrangian fluctuations (so that U ′ = 0) we shall follow [15] and take
〈U〉S(x, t) = 〈 ξ · ∇Uℓ〉
=
(
∇· 〈 ξξ〉 ·∇
)
〈U〉L
− 〈(∇ · ξ) ξ〉 ·∇ 〈U〉L +
1
2
〈ξk ξl〉〈U〉L,k l +O(|ξ|
3)
=
(
∇· 〈 ξξ〉 ·∇
)
〈U〉L + o(|ξ|2) , (Stokes drift) . (4.8)
We drop the latter two terms in this expansion, by arguing that
〈∇ · ξ〉 = o(|ξ|) and 〈U〉L,k l = o(1) . (4.9)
Hence, we arrive at the approximate closure relation for 〈U〉S , to order o(|ξ|2),
〈U〉S =∇·
(
〈 ξξ〉 ·∇ 〈U〉L
)
= ∆˜〈U〉L , (4.10)
where the operator ∆˜ is defined by ∆˜ = (∇·〈 ξξ〉·∇) = ∆˜D + O(|ξ|
4), so we need
not distinguish between ∆˜ and ∆˜D here.
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Identification of v as the Eulerian mean velocity. Subject to the assumptions
(4.9) and accepting the definition of 〈U〉S as in (4.8), the momentum, or circulation
velocity v may be identified as the Eulerian mean velocity 〈U〉E , by following the
chain of relations,
〈U〉E = 〈U〉L − 〈U〉S = (1− ∆˜D)〈U〉
L = (1− ∆˜D)u = v. (4.11)
This establishes the physical interpretation of the quantity v as the Eulerian mean
velocity.
Lagrangian mean, and Eulerian mean pressures. A similar Taylor expansion
may be performed to determine the relation between the Lagrangian mean, and the
Eulerian mean pressures. Namely,
P (x+ ξ) = P (x) + ξ · ∇P (x) +
1
2
〈ξk ξl〉P,k l(x) +O(|ξ|
3) . (4.12)
Hence, we obtain
〈P 〉E(x) = 〈P 〉L(x) −
1
2
〈ξk ξl〉〈P 〉L,k l(x) +O(|ξ|
3) , (4.13)
which relates the Eulerian mean pressure 〈P 〉E to the Lagrangian mean pressure
〈P 〉L to order O(|ξ|3).
Remarks on boundary conditions. With the interpretation given in (4.11), the
Eulerian mean velocity v = 〈U〉E naturally must be tangent to fixed boundaries, so
that
v · nˆ = 0 , at a fixed boundary. (4.14)
The Lagrangian mean velocity u = 〈U〉L must satisfy boundary conditions that
allow determination of u from v by inverting the dynamical Helmholtz operator,
1 − ∆˜. For this, we shall choose Dirichlet boundary conditions on the Lagrangian
mean velocity,
u = 0 , at the boundary. (4.15)
We note that nˆ · 〈 ξξ〉 = 0 at the boundary, as well, since the fluctuations should
not penetrate the boundary. These remarks provide the rational for choosing the
boundary conditions (1.9) for the ideal LMM model.
Relation to the Monin-Yaglom formula. An alternative formula for the Stokes
mean drift velocity due to Monin and Yaglom [17] introduces the diffusivity tensor
κ, according to
〈U〉S =∇ · κ . (4.16)
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Consistency of this formula with relation (4.10) allows one to identify the diffusivity
tensor κ as
κ = 〈 ξξ〉 ·∇ 〈U〉L . (4.17)
We decompose this tensor into its symmetric and antisymmetric components, as
κ = κS + κA, where,
κS =
1
2
(
〈 ξξ〉 ·∇ 〈U〉L + (∇〈U〉L)T ·〈 ξξ〉
)
, (4.18)
κA =
1
2
(
〈 ξξ〉 ·∇ 〈U〉L − (∇〈U〉L)T ·〈 ξξ〉
)
. (4.19)
We note from equation (3.42) that
κS =
1
2
d
dt
〈 ξξ〉 , (4.20)
and by direct manipulation we find
∇ · κA = −
1
2
curl 〈 ξ× (ξ · ∇ )〈U〉L〉 . (4.21)
Relation (4.20) for κS is precisely the definition of the Taylor diffusivity [18], [19]
and relation (4.21) implies that κA does not contribute to the divergence of 〈U〉
S .
Thus, we find
∇·〈U〉S =∇ · κS =∇·
(
∇·
1
2
d
dt
〈 ξξ〉
)
. (4.22)
In combination with the LMM equations, these identifications provide dynamical
equations for the diffusivity in the Monin-Yaglom formula which are of potential use
in modeling geophysical fluid dynamics [20].
Comparison with the Craik-Leibovich equations [15], [16]. The explicit
expression (4.10) for the Stokes mean drift velocity 〈U〉S = u−v allows us to write
the LMM motion equation (3.58) in the notation of this Section as
∂
∂t
〈U〉E + 〈U〉E ·∇ 〈U〉E + 〈U〉S ·∇ 〈U〉E +∇〈P 〉L = 0 , (4.23)
with 〈U〉S = ∆˜〈U〉L , and ∇· 〈U〉L = 0 . (4.24)
Thus, the Stokes mean drift velocity introduces an additional transport of Eule-
rian mean velocity into the ideal LMM motion equation (4.23). The corresponding
Kelvin-Noether circulation theorem is
d
dt
∮
γ(〈U〉L)
〈U〉E · dx =
∫ ∫
S(〈U〉L)
∇〈U〉Ej ×∇ 〈U〉
S
j · dS , (4.25)
for any surface S(〈U〉L) whose boundary is the closed curve γ(〈U〉L) moving with the
Lagrangian mean fluid velocity 〈U〉L. Thus, circulation of Eulerian mean velocity
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will be generated according to these equations whenever the gradients of the Stokes
drift velocity and Eulerian mean velocity are not colinear. In this circumstance, the
Stokes drift velocity generates convective circulation of the Eulerian mean velocity
that tends to reduce the gradient of the Lagrangian mean velocity.
The motion equation (4.23) of the LMM model is reminiscent of (but different
from) the ideal Craik-Leibovich (CL) equations [15], [16]. In the CL theory, the
rapidly oscillating waves at a free surface are assumed to be unaffected by the more
slowly changing currents below. The effect of the waves on the Eulerian mean
velocity is parameterized in the CL theory by introducing into the Euler equations
a “vortex force,” expressed in terms of a prescribed Stokes drift velocity 〈U〉S(x, t).
The CL equations are given by,
∂
∂t
〈U〉E + 〈U〉E ·∇ 〈U〉E − 〈U〉S × curl 〈U〉E +∇̟ = 0 , (4.26)
∇ · 〈U〉E = 0 , and ̟ = P +
1
2
|〈U〉E + 〈U〉S |2 −
1
2
|〈U〉E |2 .
Here ̟ is a modified pressure term that includes the Eulerian mean pressure P as
well as the increase of the kinetic energy of the fluid due to the waves. The term
〈U〉S×curl 〈U〉E is the “vortex force” of the CL theory of Langmuir circulation. The
Eulerian mean fluid velocity 〈U〉E is assumed to be divergenceless and is required
to be tangential to fixed boundaries of the domain of flow.
The first difference from the CL equations is that the ideal LMM model has
a dynamical equation for the Stokes mean drift velocity, while this is a prescribed
function in the Craik-Leibovich model. Also, the Stokes mean drift velocity appears
as a transport term (〈U〉S ·∇ 〈U〉E) in the LMM motion equation (4.23), while it
appears as a “vortex force” (−〈U〉S×curl 〈U〉E) in the CL model. Both of these are
substantial differences between the LMM model and the Craik-Leibovich theory.
4.2 An order O(|ξ|2) model with div〈U〉E = 0
Rather than the divergenceless condition ∇· 〈U〉L = 0 appearing in the LMM equa-
tions (1.7), the condition ∇· 〈U〉E = 0 is implied by the Eulerian mean of the
original divergence free condition ∇·U = 0, when combined with the velocity de-
composition (4.3) and the assumption that the Eulerian mean velocity fluctuation
has zero Eulerian mean, 〈U ′〉E = 0, where 〈 ·〉E denotes average over the rapid
dependence at fixed Eulerian position.
If this were so, then preservation of the condition ∇· 〈U〉E = 0 would determine
the pressure p in the LMM motion equation (4.23) by solving the Poisson equation
−∆p =∇· (〈U〉L ·∇ 〈U〉E) with Neumann boundary conditions obtained by taking
the normal component of the motion equation (4.23) and using 〈U〉E · nˆ = 0 at
the boundary. This situation is appealing because of the clear physical interpreta-
tion of the velocity variables and their boundary conditions. However, it requires
∇· 〈U〉L = O(|ξ|2). Hence, to explore this possibility we must begin by restor-
ing the O(|ξ|2) compressibility induced by the fluctuations and calculated earlier in
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equation (3.33) as
D = 1−
1
2
〈ξkξl〉,kl . (4.27)
The arrangements in Hamilton’s principle needed for the pressure to impose this
relation as a dynamically consistent constraint are discussed in Section 3 leading to
the Lagrangian in equation (3.34). It would be convenient if these arrangements were
also to imply that ∇· 〈U〉E = o(|ξ|2) ≈ 0, i.e., that the Eulerian mean velocity were
incompressible to a certain approximation. We shall now investigate this possibility.
In the notation of the present section, the continuity equation for D as in equa-
tion (4.27) implies, to order O(|ξ|4)
∇· 〈U〉L =
−1
D
dD
dt
=
1
2
d
dt
〈ξkξl〉,kl =
1
2
d
dt
(∇ · ∇· 〈 ξξ〉) . (4.28)
Combining this relation with equation (4.10) and the divergence of equation (4.11)
gives a formula for the divergence of the Eulerian mean velocity,
∇· 〈U〉E = ∇·〈U〉L −∇·〈U〉S =∇·〈U〉L −∇·
(
∇· 〈 ξξ〉 ·∇ 〈U〉L
)
=
1
2
d
dt
(
∇ · ∇· 〈 ξξ〉
)
−
1
2
∇·
[
∇·
( d
dt
〈 ξξ〉
)]
=
1
2
[ d
dt
,∇·∇·
]
〈 ξξ〉 =
1
2
[
〈U〉L·∇ ,∇·∇·
]
〈 ξξ〉
= O
(
|∇∇〈U〉L |
)
O
(
|ξ|2
)
. (4.29)
Thus, ∇·〈U〉E = o(|ξ|2) ≈ 0, provided |∇∇〈U〉L| = o(1), as we argued earlier in
equation (4.9). Since the Lagrangian mean velocity 〈U〉L is smoothed by Helmholtz
inversion, this assumption may be plausible in certain flow regimes. If this asump-
tion is made, the approximate equations that result are( ∂
∂t
+ 〈U〉L ·∇
)
〈U〉E +∇p = 0 , ∇·〈U〉E ≈ 0 , (4.30)
where
〈U〉L =
(
1− ∆˜
)−1
〈U〉E , ∆˜ = (∇·〈 ξξ〉·∇) , (4.31)
and ( ∂
∂t
+ 〈U〉L ·∇
)
〈ξξ〉 = 〈 ξξ〉 ·∇ 〈U〉L + (∇〈U〉L)T ·〈 ξξ〉 . (4.32)
The boundary conditions for the system (4.30) – (4.31) are
〈U〉E· nˆ = 0 , 〈U〉L = 0 , and 〈ξξ〉 · nˆ = 0 on a fixed boundary. (4.33)
The energy for this system is,
E =
1
2
∫
d 3x
(
1−
1
2
〈ξkξl〉,kl
)
〈U〉E · 〈U〉L . (4.34)
This energy will be conserved exactly for ∇·〈U〉E satisfying equation (4.29) without
approximation, as we found in the second order model in Section 3. And it will be
conserved approximately for ∇·〈U〉E = 0.
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Summary of Lagrangian mean models with order O(|ξ|2) compressibil-
ity. There are two contending theories with order O(|ξ|2) compressibility: one has
exactly divergenceless Eulerian mean velocity 〈U〉E and only approximate energy
conservation; and the other has small divergence of 〈U〉E and exact energy conser-
vation. In fact, the conserved energy in the latter case contains a term of order
O(|ξ|4), which of course is higher order than the validity of the equations. The
choice between these two theories probably should be made on the basis of their
performance in practice. The divergenceless model defined in equations (4.30) –
(4.33) may have the advantage of being easier to implement numerically than the
nondivergent theory, which consists of equations (4.30) – (4.33) with ∇·〈U〉E ≈ 0
in equation (4.30) replaced by equation (4.29).
Under mild conditions on 〈 ξξ〉, the viscous version of the model in equations
(4.30) – (4.33) will dissipate the energy (4.34), if the motion equation is modified to
introduce viscosity, as( ∂
∂t
+ 〈U〉L ·∇
)
〈U〉E +∇p = ν∆˜〈U〉E , ∇·〈U〉E ≈ 0 . (4.35)
If needed, an additional dissipative modification of the Lagrangian mean covariance
dynamics could also be proposed. Namely, we propose( ∂
∂t
+ 〈U〉L ·∇
)
〈ξξ〉 = 〈 ξξ〉 ·∇ 〈U〉L + (∇〈U〉L)T ·〈 ξξ〉
−
1
τ
(〈 ξξ〉− α2I) + λ ∆˜〈 ξξ〉 . (4.36)
In this equation, τ is a relaxation time, α is a length scale below which the effects
of fluctuations on the mean flow should be suppressed and λ is a diffusivity that
suppresses gradients of 〈 ξξ〉. The quantities τ , α and λ may all be taken as constant
parameters, with perhaps λ ∼ α2/τ . For τ−1 ≥ |∇〈U〉L|, the additional dissipation
terms in equation (4.36) will cause the covariance 〈 ξξ〉 to approach the isotropic,
homogeneous conditions represented by the VCHE model, which will be discussed
briefly in Section 5. At boundaries one may take 〈 ξξ〉 to satisfy equation (4.36)
with the λ term absent.
5 One point closure equations
5.1 Euler-Poincare´ equation for the approximate 〈L〉
The Euler-Poincare´ equation (2.11) can be written for the approximate 〈L〉 in equa-
tion (3.54) for incompressible flow as
∂
∂t
v + (u ·∇)v + vj∇u
j +∇Ptot = 0 , ∇·u = 0, (5.1)
where the momentum conjugate to the velocity u is given by
v ≡
1
D
δ〈L〉
δu
∣∣∣∣
D=1
= u−
(
∂k 〈ξ
kξl〉∂l
)
u . (5.2)
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The total pressure Ptot in equation (5.1) is defined as, cf. equation (3.30),
Ptot ≡ p−
1
2
|u |2 −
1
2
〈ξkξl〉
(
u,k · u,l
)
. (5.3)
In this Section, the fluctuation covariance 〈ξkξl〉 is taken as being independently
prescribed, and thus is not varied in Hamilton’s principle. Equations (5.1) with
definitions (5.2) and (5.3) are generalizations of the n-dimensional Camassa-Holm
(CH) equations derived in [1], [2]. The latter equations are recovered when the
isotropy conditions
〈ξkξl〉 = α2δkl , (5.4)
hold and, moreover, the statistics are homogeneous, so that α2 is constant. As we
shall see in Section 12, there is a natural extension of the CH model for Eulerian
mean fluid dynamics, in which u is the Eulerian mean fluid velocity and v is its
Lagrangian mean counterpart.
Background. The derivation [1], [2], of the CH equation (5.1) with definitions
(5.2) and (5.3), and homogeneous isotropic Eulerian fluctuation statistics satisfying
(5.4) with constant α2 generalizes a one dimensional integrable nonlinear dispersive
shallow water model [21], [22], to the n-dimensional situation and provides the inter-
pretation of α as the typical Eulerian mean amplitude of the fluctuations. See [23]
for the extension of that derivation to Riemannian manifolds and discussions of al-
ternative boundary conditions for the case of homogeneous statistics. See also [24]
for further analysis of the Riemannian case of the n-dimensional CH equations.
Holm, Marsden and Ratiu [1], [2] note that the conditions of isotropy (5.4) and
homogeneity (constant α2) need to be modified near fixed boundaries, due to the
physical requirement that ξ·nˆ = 0 be satisfied, where nˆ is the unit vector normal to
the boundary. However, the condition
nˆk〈ξ
kξl〉 = 0 on the boundary, (5.5)
implied by this physical requirement, cannot be satisfied for constant α2 in equation
(5.4). Chen et al. [3]– [5], overcame this difficulty by allowing spatial variation of
α2 near fixed boundaries in straight pipe and channel geometries.
5.2 Relation to one point turbulence closure models
We note that the velocity v defined in equation (5.2) is the momentum conjugate
to the velocity u (or dual to u, in the sense of variational derivative of the kinetic
energy). On that basis, Chen et al. [3]– [5], proposed the following viscous variant
of (5.1), in which viscosity acts to diffuse the momentum v
∂
∂t
v+ (u ·∇)v + vj∇u
j = ν∆v−∇Ptot , ∇·u = 0 . (5.6)
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In their case, Chen et al. defined the momentum v and the modified pressure P by
v = u−
(
∇ · 〈ξ〉
)
u−
(
∂k α
2∂k
)
u , (5.7)
and
Ptot ≡ p−
1
2
|u |2 −
α2
2
(
u,k · u,k
)
. (5.8)
Chen et al. [3]– [5], allowed for spatial variation of α2, particularly in flow regions
near boundaries. They also allowed for the mean 〈ξ〉 to be nonzero near boundaries
to account for the anisotropy there. Chen et al. referred to equation (5.6) with defi-
nition (5.7) as the viscous Camassa-Holm equations (VCHE), although this model is
also known as the Navier-Stokes alpha model because it reduces to the Navier-
Stokes equations when alpha is absent. They proposed a one point closure model for
turbulent flows in pipes and channels by comparing equation (5.6) with the Reynolds
averaged Navier-Stokes equations in those geometries and identifying corresponding
terms. They then verified the predictions of this closure model by comparison with
experimental data at high Reynolds numbers.
Chen et al. [3]– [5], also gave a continuum mechanical interpretation to their
VCHE or NS-α closure model, by rewriting (5.6) (in the case where the isotropy
conditions (5.4) hold, with α2 ≡ constant) in the equivalent constitutive form,
du
dt
= divT , T = −pI+ 2ν(1− α2∆)D+ 2α2D˙ , (5.9)
with ∇ · u = 0,D = (1/2)(∇u+∇uT ), Ω = (1/2)(∇u−∇uT ), and co-rotational
(Jaumann) derivative given by D˙ = dD/dt+DΩ−ΩD, with d/dt = ∂/∂t + u·∇.
In this form, one recognizes the constitutive form of VCHE or NS-α as a variant of
the rate-dependent incompressible homogeneous fluid of second grade [25], [26],
whose viscous dissipation, however, is modified by the Helmholtz operator (1 −
α2∆). There is a tradition at least since Rivlin [27] of modeling turbulence by using
continuum mechanics principles such as objectivity and material frame indifference
(see also [28]). For example, this sort of approach is taken in deriving Reynolds stress
algebraic equation models [29]. Rate-dependent closure models of mean turbulence
such as the VCHE or NS-α closure model have also been obtained by the two-scale
DIA approach [30] and by the renormalization group methods [31]. We shall see
in Section 6 that the covariance 〈ξξ〉 contributes a fluctuation shear stress term in
the total stress tensor for the order O(|ξ|2) compressible Lagrangian mean motion
(LMM) model.
5.3 Comparison of VCHE or NS-α with LES and RANS models.
Reynolds-averaged Navier-Stokes (RANS) models of turbulence are part of the clas-
sic theoretical development of the subject [10], [32], [33]. The related Large Eddy
Simulation (LES) turbulence modeling approach [34], [35], [36], provides an op-
erational definition of the intuitive idea of Eulerian resolved scales of motion in
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turbulent flow. In this approach a filtering function F(r) is introduced and the
Eulerian velocity field UE is filtered in an integral sense, as
u¯(r) ≡
∫
R3
d3r ′ F(r− r ′)UE (r
′) . (5.10)
This convolution of UE with F defines the large scale, resolved, or filtered velocity,
u¯. The corresponding small scale, or subgrid scale velocity, u ′, is then defined as
the difference,
u ′(r) ≡ UE (r)− u¯ (r) . (5.11)
When this filtering operation is applied to the Navier-Stokes system, the following
dynamical equation is obtained for the filtered velocity, u¯, cf. equation (5.9),
∂
∂t
u¯+ u¯ ·∇ u¯ = − divT− ∇p¯+ ν∆u¯ , ∇ · u¯ = 0 , (5.12)
in which p¯ is the filtered pressure field (required to maintain ∇ · u¯ = 0) and the
tensor difference
T = (UEUE)− u¯u¯ , (5.13)
represents the subgrid scale stress due to the turbulent eddies. This subgrid scale
stress tensor appears in the same form as the Reynolds stress tensor obtained from
Reynolds averaging the Navier-Stokes equation.
The results of Chen et al. [3]– [5], may be given either an LES, or RANS inter-
pretation simply by comparing the constitutive form of the VCHE or NS-α closure
model in (5.9) term by term with equation (5.12), provided one may ignore the dif-
ference between Eulerian mean, and Lagrangian mean velocities as being of higher
order. Additional LES interpretations, discussions and numerical results for forced-
turbulence simulations of the VCHE model will be presented elsewhere [37].
5.4 Comparison of VCHE or NS-α to Leray’s equation
The Leray regularization of the Navier-Stokes equations is given by [38],
∂
∂t
U+ 〈U 〉ℓ ·∇U = ν∆U− ∇p , ∇ ·U = 0 =∇· 〈U 〉ℓ , (5.14)
in which the velocity field U is transported by the spatially filtered velocity
〈U 〉ℓ(r) = ℓ
−3
∫
R3
g
(
ℓ−1(r− r′)
)
U(r′) d3r′ . (5.15)
Here g ∈ C∞(R3) is a smooth positive function that vanishes outside a finite sphere
and is normalized to unity,
∫
R3
g = 1. Thus, the spatial scales in 〈U 〉ℓ smaller than
ℓ have been smoothly filtered out. The spatially filtered velocity 〈U 〉ℓ satisfies the
important inequality
|〈U 〉ℓ(r)| ≤ max
r′
|U(r′)| , (5.16)
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obtained by taking the sup norm of its definition (5.15) and using the normalization
of g. Solutions of the Leray equation (5.14) satisfy various regularity properties
that are also shared by solutions of the VCHE [39]. The only difference between the
forms of these two equations is that the VCHE or NS-α closure model contains the
additional term vj∇u
j, stemming from its derivation as an Euler-Poincare´ equation.
This additional term ensures the Kelvin-Noether circulation theorem for the
VCHE. That is, the VCHE or NS-α closure model satisfies
d
dt
∮
γ(u)
v · dx =
∮
γ(u)
[∂v
∂t
+ u ·∇ v + vj∇u
j
]
· dx = ν
∮
γ(u)
∆v · dx , (5.17)
for any closed curve γ(u) that moves with the Eulerian mean fluid velocity u. In
comparison, the Leray equation satisfies
d
dt
∮
γ(〈U 〉ℓ)
U · dx =
∮
γ(〈U 〉ℓ)
U · d〈U 〉ℓ + ν
∮
γ(〈U 〉ℓ)
∆U · dx , (5.18)
for any closed curve γ(〈U 〉ℓ) that moves with the filtered fluid velocity 〈U 〉ℓ. Thus,
the Leray equation has an additional source of circulation arising from the difference
between its filtered and unfiltered velocities, while the VCHE or NS-α closure model
does not have such a term.
This difference reappears in the vorticity dynamics for the two theories. Namely,
upon using incompressibility ∇ · u = 0 we have
∂q
∂t
+ u · ∇q = q · ∇u + ν∆q , where q ≡ curlv , for VCHE, (5.19)
and
∂ω
∂t
+ 〈U 〉ℓ·∇ω = ω · ∇〈U 〉ℓ + ν∆ω for Leray’s equation
+
[
∇Uj ×∇ 〈U
j 〉ℓ
]
, where ω ≡ curlU , (5.20)
and we have used incompressibility of the filtered velocity, 〈U 〉ℓ. Thus, the right
hand side of the vorticity dynamics for Leray’s equation contains an additional
source term, compared to the curl of the VCHE or NS-α equation.
Outlook for the remainder of the paper. We shall apply the results of Holm,
Marsden and Ratiu [1], [2], to recast the Lagrangian mean motion (LMM) model
and the order O(|ξ|2) compressible model into the Euler-Poincare´ framework. Euler-
Poincare´ systems are the Lagrangian version of Lie-Poisson Hamiltonian systems.
Reformulating the LMM equations this way facilitates their Eulerian analysis, e.g.,
by providing their Kelvin-Noether circulation theorem, as well as energy and mo-
mentum conservation as part of a general framework. We shall then use the equa-
tions of the LMM model in making a natural adaptation and development of the
turbulence modeling results of Chen et al. [3]– [5]. Namely, we shall formulate a sec-
ond moment closure model for turbulence based on adding a certain viscosity
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term to the ideal LMM equations. This Lagrangian mean turbulence closure model
will then be adapted to include rotation and stratification for potential applications
in geophysical problems. Lower-dimensional examples of Lagrangian mean theories
will also be considered and then we shall turn our attention to developing Eulerian
mean theories using the Euler-Poincare´ framework, as well.
6 Second moment closure equations
6.1 Euler-Poincare´ formulation
We recall that the variables in the Lagrangian mean theory with averaged approx-
imate Lagrangian 〈L〉 in equation (3.34) are the Lagrangian mean velocity u and
the advected, or “frozen-in” quantities D and 〈ξkξl〉: the volume element and the
Lagrangian mean covariance of the fluctuating displacement. Such quantities sat-
isfy a certain Lie-derivative relation [1], such as the continuity equation (2.7) for the
volume element D,
0 =
∂
∂t
∣∣∣
a
(d 3a) =
(
∂
∂t
+£u
)
(Dd 3x) =
(
∂D
∂t
+∇·(Du)
)
(d 3x) , (6.1)
where £u denotes Lie derivative with respect to the Lagrangian mean fluid velocity,
u(x, t). There is also the geometrical relation (3.17), or its equivalent commutator
form (3.25), for the slow time evolution of the fluctuation components ξk, for k =
1, 2, 3. Namely,
0 =
∂
∂t
∣∣∣
a
(
ξ˜A
∂
∂aA
)
=
(
∂
∂t
+£u
)(
ξk
∂
∂xk
)
=
(
∂ξk
∂t
+ uj ξk,j − ξ
j uk,j
)
∂
∂xk
.
(6.2)
This equation for ξk implies a geometrical relation of the same type for all the statis-
tical moments 〈ξkξl . . . ξm〉. In particular, the second moment 〈ξkξl〉 (the Lagrangian
mean covariance of the fluctuations) satisfies, cf. equation (3.41),
0 =
∂
∂t
∣∣∣
a
(
〈ξ˜Aξ˜B〉
∂
∂aA
⊗
∂
∂aB
)
=
(
∂
∂t
+£u
)(
〈ξkξl〉
∂
∂xk
⊗
∂
∂xl
)
(6.3)
=
(
∂
∂t
〈ξkξl〉+ uj 〈ξkξl〉,j − 〈ξ
jξl〉uk,j − 〈ξ
kξj〉ul,j
)
∂
∂xk
⊗
∂
∂xl
. (6.4)
In vector notation this equation for the Lagrangian mean covariance dynamics is,
cf. equation (3.42),
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (6.5)
Thus, the Taylor hypothesis (3.17) provides an approximate equation for the evolu-
tion of the fluctuation statistical moments; in particular, for their Lagrangian mean
covariance. The Eulerian components of this equation can be rewritten as
∂
∂t
〈ξkξl〉 =
(
− 〈ξkξl〉,j + 〈ξ
aξl〉 ∂aδ
k
j + 〈ξ
kξa〉 ∂aδ
l
j
)
uj , (6.6)
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in which the right hand side is expressed as a differential operator acting on uj(x, t).
This operator will reappear in the Lie-Poisson Hamiltonian formulation of the ideal
second moment equations in Section 7. Note that the isotropic, homogeneous ini-
tial condition 〈ξkξl〉 = δkl is not invariant under the dynamics of equation (6.6)
for nontrivial velocity shear. Thus, when shear is present, the Lagrangian mean
covariance of the fluctuations will not remain isotropic and homogeneous under the
LMM dynamics, even if it were initially so.
Using results of Holm, Marsden and Ratiu [1], we compute the Euler-Poincare´
equation for the Lagrangian 〈L〉(u,D, 〈ξkξl〉) depending on the Lagrangian mean
velocity u, and advected quantities D and 〈ξkξl〉. This Euler-Poincare´ equation is
given by the following extension of equation (2.11),
0 =
(
∂
∂t
+ uj
∂
∂xj
)
1
D
δ〈L〉
δui
+
1
D
δ〈L〉
δuj
uj,i −
(
δ〈L〉
δD
)
,i
+
1
D
[
δ〈L〉
δ〈ξkξl〉
〈ξkξl〉,i +
(
δ〈L〉
δ〈ξiξl〉
〈ξkξl〉
)
,k
+
(
δ〈L〉
δ〈ξkξi〉
〈ξkξl〉
)
,l
]
. (6.7)
Thus, the additional advected quantities 〈ξkξl〉 in general contribute their own reac-
tive forces, appearing in the second line of the equation of motion (6.7). We com-
pute the following variational derivatives of the averaged approximate Lagrangian
〈L〉 in equation (3.34)
1
D
δ〈L〉
δu
= u−
1
D
(
∂kD〈ξ
kξl〉∂l
)
u ≡ v,
δ〈L〉
δD
= −p+
1
2
|u |2 +
1
2
〈ξkξl〉
(
u,k · u,l
)
≡ −Ptot,
δ〈L〉
δp
= 1−D ,
δ〈L〉
δ〈ξkξl〉
=
D
2
(
u,k · u,l
)
. (6.8)
Consequently, the Lagrangian mean Euler-Poincare´ equation (6.7) for this averaged
Lagrangian (after setting D = 1) takes the form,
∂vi
∂t
+ ujvi,j + vju
j
,i =
(
− p+
1
2
|u |2 +
1
2
〈ξkξl〉
(
u,k · u,l
))
,i
(6.9)
−
1
2
[ (
u,k · u,l
)
〈ξkξl〉,i +
((
u,i · u,l
)
〈ξkξl〉
)
,k
+
((
u,k · u,i
)
〈ξkξl〉
)
,l
]
,
where vi = ui −
(
∂k 〈ξ
kξl〉∂l
)
ui and u
i
,i = 0 . (6.10)
Again one sees in the entire second line of equation (6.9) the reactive forces arising
from the variations of the Lagrangian with respect to the covariance 〈ξkξl〉.
Contrasting the Euler-Poincare´ equation (6.9) with the CH equation.
In the present case, the advected second moments 〈ξkξl〉 for the full system satisfy
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their dynamical equation (6.5). If isotropic, homogeneous statistics were prescribed
instead, so that 〈ξkξl〉 = α2δkl with constant α2, then both equation (6.5) and
the entire second line in the motion equation (6.9) would be absent, (since the
corresponding variations in 〈ξkξl〉 would not be taken in this case) and the motion
equation (6.9) of the Lagrangian mean model then would return to the n-dimensional
generalization of the CH equation, i.e., the set (5.1) – (5.4) introduced in [1], [2].
Note, however, that the n-dimensional CH equation set is not an invariant subsystem
of the Euler-Poincare´ system (6.9), with definition (6.10) and advection law (6.5),
because (as mentioned earlier) the initial condition 〈ξkξl〉 = δkl is not invariant
under the dynamics of equation (6.5) for nontrivial velocity shear. This means that
the Lagrangian mean model is a departure from the VCHE model, rather than being
an extension of it. We shall return to this matter in Section 12, when we discuss
Eulerian mean fluid models.
6.2 Momentum conservation – stress tensor formulation
Noether’s theorem guarantees there is a conserved momentum for the Euler-Poincare´
equations (6.9), since the averaged approximate Lagrangian 〈L〉 in equation (3.34)
has no explicit spatial dependence. Moreover, the integrand L in this Lagrangian is
a polynomial in the Lagrangian mean velocity u, its gradient u,k, and the advected
quantities D and 〈ξkξl〉. That is,
〈L〉 =
∫
d 3x L
(
u,u,k , D, 〈ξ
kξl〉
)
, (6.11)
with L a polynomial function of its arguments. In this case, we may express the
Lagrangian mean Euler–Poincare´ equations (6.7) in themomentum conservation
form,
∂mi
∂t
= −
∂
∂xj
T ji , (6.12)
with momentum density components mi, i = 1, 2, 3 defined by
mi ≡
δ〈L〉
δui
=
∂L
∂ui
−
∂
∂xk
(
∂L
∂ui,k
)
, (6.13)
and stress tensor T ji given by
T ji = miu
j −
∂L
∂uk,j
uk,i +
∂L
∂〈ξiξl〉
〈ξjξl〉+
∂L
∂〈ξkξi〉
〈ξkξj〉
+ δji
(
L −D
∂L
∂D
)
. (6.14)
Equation (6.12) then implies conservation of the domain-integrated momentum,∫
m d 3x, provided the normal component of the stress tensor T ji vanishes on the
boundary.
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In our particular case, expression (6.14) for the stress tensor T ji simplifies re-
markably, to become
T ji = miu
j + pδji , where mi
∣∣
D=1
= vi ≡ ui −
(
∂k 〈ξ
kξl〉∂l
)
ui . (6.15)
Consequently, the equivalent Euler-Poincare´ motion equation (6.9) simplifies to
∂vi
∂t
= −
∂
∂xj
(viu
j + pδji ) . (6.16)
The ideal Lagrangian mean motion (LMM) model. Using incompressibility
(uj,j = 0) reduces the expression (6.16) for momentum conservation to the La-
grangian mean motion (LMM) equation for an ideal fluid, cf. equation (3.58),
∂v
∂t
+ u ·∇ v = − ∇p , ∇ · u = 0 , (6.17)
where v ≡
1
D
δ〈L〉
δu
∣∣∣∣
D=1
=
(
1− ∂k 〈ξ
kξl〉∂l
)
u . (6.18)
The boundary conditions are recalled from equations (4.14), (4.15) and (5.5) as
v·nˆ = 0 , u = 0 , and 〈ξξ〉 · nˆ = 0, on a fixed boundary. (6.19)
In (6.17) the continuity equation, ∇·u = 0, allows the Lagrangian mean pressure p
to be determined from an elliptic equation, by virtue of the commutation relation
(3.49). The auxiliary equation (6.5) for the slow time dynamics of the advected
Lagrangian mean covariance may be rewritten as,
(
∂
∂t
+ u ·∇
)
〈ξkξl〉 = 〈ξjξl〉uk,j + 〈ξ
kξj〉ul,j . (6.20)
This equation updates the Lagrangian mean covariance 〈ξkξl〉 and, thus, closes the
LMM system.
Contrasting the LMM model with the Euler equations. Remarkably, the
reaction forces due to the fluctuations in the Euler-Poincare´ motion equation (6.9)
exactly cancel the contributions of the fluctuations in the pressure and line-element
stretching term (vju
j
,i). This cancellation leaves only one main effect: the fluid
parcels in the LMM model are transported by velocity u instead of v. Had we made
no approximation at all in our Lagrangian L(ω) before averaging, we would have
gotten exact cancellation of all of the fluctuational effects and returned entirely to
Euler’s equations.
So, instead of returning us entirely to the Euler equations, the Taylor series ap-
proximation we made in Section 3.3 before averaging the Lagrangian L(ω) produces
one essential difference between the LMM model in equations (6.17) – (6.20) and
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the original Euler equations (2.14). Namely, the transport velocity u is smoothed
relative to v, by inversion of the dynamical Helmholtz operator,
u = (1− ∆˜)−1v where 1− ∆˜ = 1− ∂k 〈ξ
kξl〉∂l , (6.21)
whose statistical ‘metric’ 〈ξkξl〉 changes and adapts dynamically according to equa-
tion (6.20) as the fluid moves. Smoothing the transport velocity to improve the
mathematical properties of the incompressible fluid equations has been studied pre-
viously, going back at least to the work of Leray [38] in the 1930s, as we discussed
earlier. However, the adaptive smoothing introduced by inverting the dynamical
Helmholtz operator (6.21) is new here, as far as we know. Euler’s equations are
recovered as an invariant subsystem of the LMM equation set for 〈ξξ〉 identically
zero.
We recall the remarkable commutation relation (3.49)[
d
dt
, ∆˜D
]
= 0 , where ∆˜D ≡ D
−1∂kD〈ξ
kξl〉∂l , (6.22)
which may also be verified directly from the continuity equation (2.7) and the La-
grangian mean covariance equation (6.6). Consequently, since ∆˜D|D=1 ≡ ∆˜, the
ideal LMM motion equation (6.17) may be rewritten alternatively as
∂u
∂t
+ u ·∇ u = − (1− ∆˜)−1∇p , ∇ · u = 0 . (6.23)
Therefore, the effect of the advected fluctuations in this alternative representation of
the LMM equation is simply to smooth the pressure gradient in an adaptive fashion
depending on the velocity shear, through the dynamics of the covariance 〈ξξ〉.
As guaranteed in advance by the mathematical theory developed in in [1], the
Euler-Poincare´ equation (6.17) with definition (6.18) for the LMM model is equiv-
alent to the Euler-Lagrange equation (3.44). Because of the commutation property
(6.22), there is also an equivalent alternative form of the LMM motion equation,
given in (6.23). This alternative, but equivalent, form of the motion equation for
LMM provides alternative interpretations of the effects of the fluctuation covariance
on the Lagrangian mean motion.
6.3 Momentum conservation for the order O(|ξ|2) model
We recall the averaged approximate Lagrangian (3.34) in Eulerian form,
〈L〉 =
∫
d 3x
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
+
(
p−
1
2
∂2p
∂xk∂xl
〈ξkξl〉
)
− pD
}
. (6.24)
Note that p is the Lagrangian mean pressure and according to equation (4.13) the
quantity in parentheses,
PE ≡ p−
1
2
∂2p
∂xk∂xl
〈ξkξl〉 , (6.25)
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is the Eulerian mean pressure. The momentum density components mi, i =
1, 2, 3 for this Lagrangian are
mi ≡
δ〈L〉
δui
= D(1− ∆˜D)ui , (6.26)
where ∆˜D satisfies (3.49) and
D = 1−
1
2
〈ξiξl〉,k l . (6.27)
The stress tensor T ji is obtained by using equation (6.14) as
T ji = miu
j −
1
2
∂2p
∂xi∂xl
〈ξjξl〉+ δji
(
p−
1
2
∂2p
∂xk∂xl
〈ξkξl〉
)
. (6.28)
The off-diagonal components −12p,i l〈ξ
jξl〉 may be regarded as a fluctuation stress
tensor. Using the continuity equation (2.7) for D transforms the momentum con-
servation law (6.12) into the equivalent motion equation for the LMM model with
second order compressibility, cf. equation (3.50),
( ∂
∂t
+ u ·∇
)
(1− ∆˜D)ui = −
1
D
∂PE
∂xi
+
1
D
∂
∂xj
( ∂2p
∂xi∂xl
〈ξjξl〉
)
, (6.29)
with ∇ · u = −
1
D
dD
dt
=
1
2
d
dt
〈ξiξl〉,k l +O(|ξ|
4) . (6.30)
The boundary conditions for this model are the same as in (6.19), namely,
v·nˆ = 0 , u = 0 , and 〈ξξ〉 · nˆ = 0, on a fixed boundary. (6.31)
This completes the transformation of the Lagrangian form (3.44) of this motion
equation to its equivalent Eulerian form. As guaranteed by the Euler-Poincare´
approach, the equivalence of equations (3.44) and (6.29) may also be verified by a
direct calculation.
6.4 Kelvin circulation theorem for the Lagrangian mean model
Being Euler–Poincare´, the incompressible LMM equation (6.17) has a corresponding
Kelvin-Noether circulation theorem. Namely, this equation implies
d
dt
∮
γ(u)
v · dx =
∮
γ(u)
[∂v
∂t
+ u ·∇ v + vj∇u
j
]
· dx =
∮
γ(u)
v · du , (6.32)
for any closed curve γ(u) that moves with the Lagrangian mean fluid velocity u. This
expression for the Kelvin-Noether property of the Lagrangian mean motion equation
in 3D is reminiscent of corresponding expressions in wave, mean-flow interaction
theory [14]. See also the Leray equation result (5.18). The main point is that
the presence of the fluctuation covariance 〈ξkξl〉 creates circulation of the total
specific momentum v = u− (∂k 〈ξ
kξl〉∂l)u.
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Alternatively, from equation (6.23) we may write another Kelvin-Noether circu-
lation theorem, namely
d
dt
∮
γ(u)
u · dx = −
∮
γ(u)
(
(1− ∆˜)−1∇p
)
· dx , (6.33)
which represents the circulation dynamics of u, rather than v. Thus, the fluctuation
covariance creates circulation of both u and v.
6.5 Vortex stretching equation for the Lagrangian mean model
In three dimensions, we may use a vector identity to re-express the LMM equation
(6.17) in its equivalent “curl” form, as
∂
∂t
v− u×
(
∇× v
)
+∇ p+ uj∇ vj = 0 , ∇ · u = 0 . (6.34)
The curl of this equation in turn yields a transport and creation equation for the
Lagrangian mean vorticity, q ≡ curlv,
∂q
∂t
+ u · ∇q = q · ∇u +
[
∇ vj ×∇u
j
]
, where q ≡ curlv , (6.35)
and we have used incompressibility of u. Thus, u is the transport velocity for
the generalized vorticity q and the expected vortex stretching term q · ∇u is
accompanied by an additional vortex creation term, ∇ vj ×∇u
j . Of course, this
additional term is also responsible for the creation of circulation of v in the Kelvin-
Noether circulation theorem (6.32). In particular, Stokes’ theorem and equation
(6.32) imply
d
dt
∫ ∫
S(u)
curlv · dS =
∫ ∫
S(u)
dvj∧du
j =
∫ ∫
S(u)
[
∇ vj ×∇ u
j
]
· dS , (6.36)
where the curve γ(u) is the boundary of the surface S(u). One may compare this
result with the Leray case, in equation (5.20).
Alternatively, from equation (6.23) we may write another form of the vorticity
dynamics, for curlu rather than curlv, namely
∂ω
∂t
+ u ·∇ω = ω · ∇u − ∇×
(
(1− ∆˜)−1∇p
)
where ω ≡ curlu , (6.37)
and we have used incompressibility of the Lagrangian mean velocity u.
6.6 Energetics of the Lagrangian mean model
The sum of the inner products of v with equation (6.23) and u with equation (6.34)
yields conservation of energy,
E =
1
2
∫
d 3x
(
|u |2 + 〈ξkξl〉u,k · u,l
)
=
1
2
∫
d 3x u · v , (6.38)
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after integrating by parts, using incompressibility and applying the boundary con-
ditions (6.19). Naturally, this energy is also conserved in n dimensions. Thus, the
covariance of the fluctuations couples to the gradients of the Lagrangian mean ve-
locity. So it costs the system energy either to increase these gradients, or to increase
the covariance. Moreover, there is a direct feedback between ∇u and the dynamics
of 〈ξξ〉 given in equation (6.20). We shall see in Section 7 that Legendre transform-
ing the Lagrangian 〈L〉 in (3.34) gives the following Hamiltonian (still expressed
in terms of the velocity u, instead of the momentum density m = δ〈L〉/δu = Dv),
H =
∫
M
dnx
[ D
2
(
|u |2 + 〈ξkξl〉u,k · u,l
)
+ p(D − 1)
]
. (6.39)
Remark on the geodesic property of the LMM model. When evaluated on
the constraint manifold D = 1, the Lagrangian in (3.34) and the Hamiltonian in
(6.39) for the Lagrangian mean motion equation (6.17) coincide in n dimensions.
This is expected for a stationary principle giving rise to geodesic motion. The
interpretation of the LMM model as describing geodesic motion on the volume
preserving diffeomorphism group with respect to the H1 metric given by (6.38) will
be discussed elsewhere [6].
Conservation properties of the Lagrangian mean covariance. We recall
equation (6.5) for 〈ξξ〉,
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (6.40)
Since tr(∇u) = 0, the Lagrangian mean covariance 〈ξξ〉 must always have an in-
stantaneously growing direction, along at least one principal axis of the velocity
shear tensor, ∇u. So, 〈ξξ〉 might be systematically growing with time. However,
there are limits to this growth. In particular, equation (3.38) shows that this growth
in the incompressible case must preserve the value of the determinant det 〈ξξ〉 along
flow lines. Thus, stretching and rotation may occur, but for an incompressible flow
the volume of the ellipsoid composed of the principle axes of the symmetric covari-
ance tensor 〈ξξ〉 must be preserved on fluid parcels. In the Eulerian representation,
equation (3.38) implies
d
dt
(
D2 det 〈ξξ〉
)
= 0 , and
dD
dt
= 0 for ∇· u = 0 . (6.41)
This, in turn, implies conservation of the following quantity, for any function Φ,
CΦ =
∫
M
dnx DΦ
(
D2 det 〈ξξ〉
)
, ∀Φ , (6.42)
in which we may set D = 1 for incompressible flow.
Conservation of the energy in equation (6.38) also has some indications for con-
trolling the Lagrangian mean covariance. Of course, this growth cannot continue
indefinitely in the same direction and still satisfy conservation of energy E in (6.38)
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in regions of nontrivial shear. So the conservation of energy must also eventu-
ally saturate this potential growth in Lagrangian mean covariance. Thus, from the
viewpoint of energetics, while 〈ξξ〉 must always have a direction in which it is grow-
ing, this growth must also occur to preserve the determinant det 〈ξξ〉 and to limit
the velocity shear ∇u in accordance with the available energy in equation (6.38).
Therefore, the direction of growth (along the instantaneous principle axes of ∇u
corresponding to its positive eigenvalues) will keep changing, because of the ener-
getic coupling and direct feedback between∇u and 〈ξξ〉. A dissipative modification
of the 〈ξξ〉 dynamics that allows relaxation to the homogeneous isotropic conditions
of the VCHE model was introduced in equation (4.36). This modification may be
used, in the event that the growth of 〈ξξ〉 should require additional control, e.g., in
numerical simulations.
7 Hamiltonian structure of the Lagrangian mean model
Being Euler-Poincare´, the LMM system consisting of the motion equation (6.9),
the continuity equation (2.7) and the Lagrangian mean covariance equation (6.6)
must also be a Lie-Poisson Hamiltonian system. This may be verified using stan-
dard methods, see, e.g., [1]. The corresponding Lie-Poisson bracket is dual to the
semidirect product Lie algebra
g = u©s (Λ0 ⊕ S) , (7.1)
consisting of vector fields η ∈ u acting from the right on the direct sum of functions
f ∈ Λ0 and metrics g ∈ S. The semidirect product Lie algebra bracket has the
expression
[(η1, f1, g1), (η2, f2, g2)] = ([η1, η2], f1η2 − f2η1, g1η2 − g2η1), (7.2)
where we denote the induced action of u on (Λ0 ⊕S) from the right by concatenation,
as in f1η2. Dual coordinates are: m = δ〈L〉/δu = Dv dual to u; D dual to Λ
0;
and 〈ξkξl〉 dual to S. The Legendre transformation of the averaged approximate
Lagrangian 〈L〉 in (3.34) produces the Hamiltonian,
H =
∫
d 3x
[
1
2
m ·
(
D − ∂kD〈ξ
kξl〉∂l
)−1
m+ p(D − 1)
]
, (7.3)
whose proper definition requires defining the inverse of the generalized Helmholtz
operator,
(
D − ∂kD〈ξ
kξl〉∂l
)
and using the boundary conditions (6.19). The varia-
tional derivatives of this Hamiltonian are given by
δH =
∫
d 3x
[
u · δm−
(
p−
1
2
|u |2 −
1
2
〈ξkξl〉
(
u,k · u,l
))
δD
−
D
2
(
u,k · u,l
)
δ〈ξkξl〉 + (D − 1)δp
]
, (7.4)
Lagrangian and Eulerian mean fluctuation effects D. D. Holm 46
where evenness of the generalized Helmholtz operator under integration by parts is
used in obtaining the first term. Finally, the Lie-Poisson bracket defined on the dual
of the algebra in equation (7.1) is given explicitly by
{F,H}(m,D, 〈ξkξl〉) (7.5)
= −
∫
d 3x
{
δF
δmi
(∂jmi +mj∂i)
δH
δmj
+
δF
δmi
(D∂i)
δH
δD
+
δF
δD
(∂jD)
δH
δmj
−
δF
δmi
(
〈ξcξd〉,i + ∂a〈ξ
aξd〉 δci + ∂a〈ξ
cξa〉 δdi
) δH
δ〈ξcξd〉
−
δF
δ〈ξkξl〉
(
− 〈ξkξl〉,j + 〈ξ
aξl〉 ∂aδ
k
j + 〈ξ
kξa〉 ∂aδ
l
j
) δH
δmj
}
.
In the second line of this Lie-Poisson bracket we see the contributions of the fluctu-
ation covariance to the motion equation, cf. (6.7), and in the third line we see the
operator in the covariance dynamics itself, cf. (6.6).
The dynamical system consisting of the motion equation (6.9), the continuity
equation (2.7) and the Lagrangian mean covariance equation (6.6) now emerges as
a Lie-Poisson Hamiltonian system in the form
∂µ
∂t
= {µ,H}, with µ ∈ (m,D, 〈ξkξl〉) , (7.6)
with Hamiltonian H given in equation (7.3) and implying conservation of the fol-
lowing energy, cf. equation (3.60) and equation (6.38) with m
∣∣
D=1
= v,
E =
1
2
∫
d 3x
[
v ·
(
1− ∂k 〈ξ
kξl〉∂l
)−1
v
]
=
1
2
∫
d 3x
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
.
(7.7)
There is a Casimir for the Lie-Poisson bracket (7.5); namely, the conserved quantity
CΦ in equation (6.42). This quantity satisfies the Casimir relation,
{CΦ,H} = 0 , ∀Φ and ∀H . (7.8)
Thus, of course, CΦ in equation (6.42) is also a constant of motion for the Lagrangian
mean model Hamiltonian in equation (7.3).
8 The 2D ideal LMM equations have no velocity Casimirs
We recall the ideal Lagrangian mean equation of motion (6.17)
∂v
∂t
+ u ·∇ v = − ∇p , ∇ · u = 0 , (8.1)
where v = u−
(
∂k 〈ξ
kξl〉∂l
)
u ≡ (1− ∆˜)u , (8.2)
The curl form (6.34) of the motion equation is
∂
∂t
v − u×
(
∇× v
)
+∇ p+ uj∇ vj = 0 . (8.3)
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The curl of this equation, in turn, gives the vorticity dynamics,
∂q
∂t
+ u · ∇q = q · ∇u +
[
∇ vj ×∇u
j
]
, where q ≡ curlv . (8.4)
In two dimensions these equations simplify because the vortex stretching term is
absent, but they remain extremely nonlinear (and essentially different from the 2D
Euler equations) because of the vorticity creation term. In two dimensions, we may
define the stream function ψ(x, t) satisfying u = zˆ ×∇ψ, so that,
q = zˆ · q = zˆ · curl
(
(1− ∆˜)zˆ ×∇ψ
)
= ∂x(1− ∆˜)ψx + ∂y(1− ∆˜)ψy ≡ Oψ . (8.5)
This equation defines the operator O. Note that partial spatial derivatives do not
commute with the dynamical Laplacian, ∆˜ = ∂k 〈ξ
kξl〉∂l, because of the spatial
dependence in 〈ξkξl〉.
In terms of the stream function ψ and the operator O, the 2D vorticity dynamics
(8.4) may be written as
∂
∂t
Oψ + J{ψ,Oψ} = J{vj , u
j} = −J{∆˜ψx, ψx} − J{∆˜ψy, ψy} ,
= −
1
2
∆˜x|∇ψ|
2
y +
1
2
∆˜y|∇ψ|
2
x , (8.6)
where J{f, g} = fxgy − fygx is the 2D Jacobi operation, subscripts denote partial
derivatives and, e.g., the operator ∆˜x = ∂k 〈ξ
kξl〉x∂l operates to its right. The
highly nonlinear right hand side of this equation prevents conservation of the domain
integrated powers of the 2D Lagrangian mean vorticity, q = Oψ. For example,
the enstrophy
∫
q2dx dy is not conserved by this flow, and the Lagrangian mean
vorticity
∫
q dx dy is only conserved for certain boundary conditions (those for which∮
bdy v · du = 0). Thus, the 2D ideal LMM equations apparently have no Casimirs
that depend upon the velocity. Of course, they do have the Casimir CΦ in equation
(6.42) associated with the determinant of the Lagrangian mean covariance.
9 Relation to second moment turbulence closure mod-
els
By adapting the work of Chen et al. [3]– [5], we form a second moment turbulence
closure model that combines the one point closure model they studied with the re-
sults of the previous sections and yields the following system of equations,
∂
∂t
v + (u ·∇)v = ν∆˜v−∇p+ F , ∇·u = 0 , (9.1)
where ν is a constant kinematic viscosity and in this case v is given by
v = u−
(
∂k〈ξ
kξl〉∂l
)
u ≡ (1− ∆˜)u . (9.2)
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Note that the Lagrangian mean fluctuation covariance appears in the dissipation
operator ∆˜. In the absence of the forcing F, this viscous LMM turbulence model
dissipates the energy E in equation (6.38) according to
dE
dt
= − ν
∫
d 3x
[
tr(∇uT · 〈ξξ〉 · ∇u) + ∆˜u · ∆˜u
]
. (9.3)
This strictly negative energy dissipation law is the reason for adding viscosity with
∆˜, instead of using the ordinary Laplacian operator.
These equations are closed by the dissipative dynamical equation (4.36) for the
advected Lagrangian mean covariance, rewritten as,
d
dt
〈ξkξl〉 = uk,j 〈ξ
jξl〉+ 〈ξkξj〉ul,j −
1
τ
(
〈ξkξl〉 − α2δkl
)
+ λ
α2
τ
∆˜〈ξkξl〉 . (9.4)
The boundary conditions for this dissipative LMM model for a fixed boundary
are v = 0, u = 0, for the velocities and either 〈ξξ〉 · nˆ = 0 when dissipation is
absent in the dynamics of 〈ξξ〉, or equation (9.4) without the diffusion term when
such dissipation is present.
As mentioned before, isotropy and homogeneity of the Lagrangian mean co-
variance tensor 〈ξkξl〉 are not preserved under the dynamics of equation (9.4) for
nontrivial velocity shear. Therefore, the VCHE or NS-α closure model of Chen et
al. [3]– [5], is not an invariant subsystem of the dissipative LMM model in equations
(9.1)–(9.4). However, the phenomenological addition of relaxation and dissipation to
the covariance dynamics does make the dissipative LMM model relax to the VCHE
or NS-α closure model, whose validity in steady state has been verified by compar-
ison with experimental data, [3]– [5]. These dissipative LMM equations comprise
a 3D dynamically self-consistent second-moment turbulence closure model, whose
solution may be sought as a dynamical systems problem, e.g., as an initial value
problem for decaying turbulence, or as motion of a forced dissipative system.
The symmetric quantity κS = d〈ξξ〉/dt in equation (9.4) is called the Taylor
diffusivity [18] and is sometimes used in turbulence modeling as a semi-empirical
model for passive scalar diffusion [17], [19], [40]. This application will be considered
further in Section 10, when we include the effects of rotation and stratification, as
well. For now, the main effect of the fluctuations in equations (9.1) – (9.2) from the
viewpoint of the Navier-Stokes equations for an incompressible fluid is to smooth
the transport velocity u relative to the circulation velocity v, by inversion of the
Helmholtz operator (1− ∆˜). This smoothing tends to suppress triad interactions at
wave numbers greater in magnitude than about |〈ξξ〉|−1/2. Therefore, the cascade
of the spectral kinetic energy density Eˆ(k) = 12(û · v)(k) as a function of wave
number will be suppressed for |k| > |〈ξξ〉|−1/2. Hence, viscous dissipation should
take over at length scales smaller than the local length scale given by |〈ξξ〉|1/2(x, t)
and suppress the effects of nonlinearity at these smaller scales, just as if the LMM
model in (9.1) – (9.4) were an adaptive LES scheme. The LES aspects of the
dissipative LMM model will be pursued elsewhere.
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10 Geophysical applications – adding rotation and strat-
ification to the Lagrangian mean model
10.1 Formulation of Lagrangian mean Euler-Boussinesq (LMEB)
equations
At leading order in |ξ|2, introduction of rotation and stratification alters the aver-
aged approximate Lagrangian 〈L〉 in equation (3.34) to the following form,
〈L〉 =
∫
d 3x
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
+DR(x) · u− g bD z + p
[
1−D
]}
.
(10.1)
The corresponding Euler-Poincare´ equations are, cf. [1], [2],
d
dt
v − u× curlR(x) +∇p+ gb zˆ = 0 , with ∇· u = 0 , (10.2)
where
d
dt
≡
( ∂
∂t
+ u ·∇
)
, v ≡ (1− ∆˜)u , ∆˜ ≡∇ · 〈ξξ〉 · ∇ ,
db
dt
= 0 , and
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT·〈ξξ〉 , (10.3)
with boundary conditions,
v·nˆ = 0 u = 0 , and 〈ξξ〉 · nˆ = 0 on a fixed boundary. (10.4)
These Lagrangian mean Euler-Boussinesq (LMEB) equations describe the
Lagrangian mean effects of fluctuations on the ideal motion of a stratified incom-
pressible fluid in a rotating reference frame, given in the Eulerian description. (Note
that the 〈ξξ〉 equation in (10.3) does not refer to internal waves. See [14] for a dis-
cussion of the Lagrangian mean effects of internal waves from a viewpoint similar
to the one taken here.) The motion equation for this system may be rewritten as
∂
∂t
v − u× curl (v +R) + uj∇vj +∇p+ gb∇z = 0 . (10.5)
From this expression, we immediately find the Kelvin-Noether circulation the-
orem showing how the covariance of the fluctuations interacts with the buoyancy
to generate mean total circulation. Namely,
d
dt
∮
γ(u)
(v +R) · dx =
∫ ∫
S(u)
[
∇ vj ×∇u
j − g∇b×∇ z
]
· dS , (10.6)
where the closed curve γ(u) moves with the Lagrangian mean fluid velocity u and
is the boundary of the surface S(u). The terms [∇ vj ×∇ u
j ] and [g∇b ×∇ z ]
are both vorticity creation terms in this Lagrangian mean Kelvin-Noether cir-
culation theorem. Therefore, the fluctuations act together with buoyancy to create
circulation of the sum v +R around closed fluid loops moving with velocity u. In
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particular, the vorticity creation term [∇ vj ×∇ u
j ] may cause mixing across isopy-
cnal (constant b) surfaces, even when the buoyancy is stably stratified. According
to the interpretation given in Section 4, this is the effect of the Stokes mean drift
velocity.
The fluctuations and the buoyancy also act together in the conserved energy
for the LMEB system (10.2) – (10.4). Namely, cf. equation (1.11),
ELMEB =
∫
d 3x
[
1
2
(
|u |2 + tr(∇uT·〈ξξ〉 · ∇u)
)
+ g b z
]
. (10.7)
This expression shows the trade offs in energetics among translational kinetic energy,
Lagrangian mean velocity shear combined with the fluctuations, and gravitational
potential energy that may occur in the dynamics of the LMEB model. These en-
ergetic tradeoffs should have implications for the stability properties of the LMEB
model’s equilibrium solutions. We note that the LMEB model has all the same
equilibrium solutions of the original Euler-Boussinesq equations (namely, those on
the invariant manifold 〈ξξ〉 = 0) in addition to others associated with critical points
of the sum of the energy ELMEB and the conserved Casimirs for the EAB theory,
CLMEB =
∫
d 3x DΦ
(
b, ∆˜b,D2 det 〈ξξ〉
)
for an arbitrary function, Φ . (10.8)
These quantities Poisson commute with every Hamiltonian H: that is, under a
modification of the Lie-Poisson bracket in equation (7.5) to include the buoyancy
variable b, as follows,
{F,H}LMEB = {F,H}(7.5) −
∫
d 3x
[
δF
δmi
(
− b,i
)δH
δb
+
δF
δb
(
b,j
) δH
δmj
]
, (10.9)
we have {CLMEB ,H}LMEB = 0, for all H[m,D, 〈ξξ〉, b].
10.2 Passive scalar diffusion in the LMEB model.
Following Bennett [19], we introduce the symmetric Taylor diffusivity tensor [18] as
κk lS ≡
1
2
d
dt
〈ξkξl〉 , or κS ≡
1
2
d
dt
〈ξξ〉 . (10.10)
According to the semi-empirical theory [17], [19], [40], the corresponding passive
scalar equation with this diffusivity is
db
dt
=∇·(κS ·∇ b) . (10.11)
As indicated here, we shall adopt this equation for the dissipative dynamics of
the buoyancy, even though b is not strictly passive. The present theory provides
a dynamical equation (10.3) for the evolution of the Taylor diffusivity tensor, κS .
Thus, passive scalars in this theory advect and diffuse according to equation (10.11)
with tensor diffusivity given by equation (6.40) as
2κS ≡
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT ·〈ξξ〉 . (10.12)
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Hence, the passive scalar equation we find is,
db
dt
=
1
2
(
∇· (〈ξξ〉 · ∇u+∇uT·〈ξξ〉) ·∇
)
b , (10.13)
where the Lagrangian mean covariance 〈ξξ〉 and the velocity shear tensor ∇u are
determined self-consistently from the LMEB dynamics, suitably modified to include
dissipation. We see that the tensor diffusivity κS =
1
2 (〈ξξ〉 · ∇u + ∇u
T·〈ξξ〉)
is determined dynamically as the symmetrized product of the Lagrangian mean
covariance and the mean velocity shear of the flow. As we have discussed, equation
(10.12) implies that the covariance 〈ξξ〉 at any time will be increasing along the
instantaneous positive eigendirections of the velocity shear tensor∇u. Conservation
of energy (10.7) should control this tendency, in general, because the cost in energy
for the covariance to grow is highest precisely where the growth rate is highest.
The covariance dynamics following from the Taylor hypothesis for the advection
of turbulent structures by the (Lagrangian) mean flow implies the determinant of
〈ξξ〉 will be conserved along flow lines in the incompressible case. Therefore, the
covariance will remain finite and nonzero. However, if any additional dissipation is
needed to moderate the growth of 〈ξξ〉 due to shear forcing, equation (9.4) may be
used as an alternative expression for the Taylor diffusivity.
Finally, following Chen et al. [3]– [5], we introduce viscosity into the motion
equation for the Lagrangian mean Euler-Boussinesq theory as ∆˜-diffusion of mo-
mentum v, cf. equation (9.1), with boundary conditions as discussed after equation
(9.4). This final step – the semi-empirical introduction of dissipation – completes
our formulation of the LMEB equation set (1.1) – (1.6) for the Lagrangian mean
motion of a rotating stratified incompressible fluid. In what follows, we shall con-
sider some lower dimensional subcases of this Lagrangian mean motion in Section
11, then turn our attention to the corresponding Eulerian mean theory in Sections
12 and 13.
Remark on asymmetry of the diffusivity and other modeling steps. Be-
cause of the Earth’s rotation, asymmetric diffusivity may be expected in the ocean.
This is an additional modeling step, which will be pursued elsewhere. For dis-
cussions of this aspect, see, e.g., the review by Davis [41] and references therein.
Other modeling steps would address the creation of fluctuation covariance, as well
as its dissipation, or treat the covariance between fluctuations at two different times.
We do not pursue these other sub-gridscale modeling directions here. Instead, we
proceed from the Taylor hypothesis (3.17) that the Lagrangian mean fluctuation
covariance is advected by the Lagrangian mean fluid velocity.
11 Lagrangian mean motion in fewer dimensions
11.1 2D Lagrangian mean rotating shallow water (LMRSW) equa-
tions
To the averaged approximated LMEB Lagrangian 〈L〉 in equation (10.1) we ap-
ply the standard shallow water approximations: neglect vertical gradients; neglect
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kinetic energy of vertical motion; assume constant density; and integrate in the
vertical direction from the bottom topography at z = −B(x, y) to the free sur-
face at z = h(x, y, t). These approximations lead to a new Lagrangian 〈L〉LRSW for
Lagrangian mean rotating shallow water (LMRSW) dynamics,
〈L〉LRSW =
∫
dx dy
{
D
2
[
|u |2 + 〈ξkξl〉
(
u,k · u,l
)]
+ DR(x) · u−
1
2
g D2 + g DB(x, y)
}
. (11.1)
Here D = h + B(x, y) is the total depth of the water. The corresponding Euler-
Poincare´ motion equation for LMRSW dynamics in momentum conservation form
is, cf. equations (6.12) – (6.14),
∂mi
∂t
= −
∂
∂xj
(
miu
j +
1
2
g D2δji
)
+ gDB,i(x, y) +DujR
j
,i , (11.2)
where one defines momentum density components mi, for i = 1, 2 by
mi ≡
δ〈LSW 〉
δui
= D(ui +Ri)−
(
D〈ξkξl〉ui,l
)
,k
≡ D(1− ∆˜D)ui +DRi . (11.3)
The depth D satisfies the continuity equation,
∂D
∂t
+∇·(Du) = 0 , (11.4)
and 〈ξξ〉 satisfies the Lagrangian mean covariance dynamics inherited from the
Taylor hypothesis (3.17),
d
dt
〈ξξ〉 = 〈ξξ〉 · ∇u+∇uT · 〈ξξ〉 . (11.5)
In terms of the circulation velocity v = (1 − ∆˜D)u defined as before, but now in
2D, we find the motion equation for v,( ∂
∂t
+ u ·∇
)
v − u× curlR(x) + g∇
(
D −B(x, y)
)
= 0 . (11.6)
This is the same as the standard motion equation for rotating ideal shallow water
dynamics, modulo the substitution u → v and the additional dynamics for the
covariance 〈ξξ〉. This motion equation for LMRSW implies the Kelvin-Noether
circulation theorem, cf. equation (6.32),
d
dt
∮
γ(u)
(v +R) · dx =
∫ ∫
S(u)
dvj∧du
j =
∫ ∫
S(u)
[
∇ vj ×∇ u
j
]
· dS . (11.7)
Thus, as for the LMM model, the fluctuations have the effect of generating (total)
circulation. The curl of the LMRSWmotion equation yields, with q = zˆ·curl (v+R),( ∂
∂t
+ u ·∇
)( q
D
)
= D−1 zˆ·
(
∇ vj ×∇u
j
)
= D−1J
(
vj, u
j
)
. (11.8)
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Thus, perhaps unexpectedly, the potential vorticity q/D is not conserved on fluid
parcels by the LMRSW model, but instead has a local creation term, D−1J
(
vj, u
j
)
.
This creation of potential vorticity is in fact the convective mechanism by which the
smoothing of velocity gradients occurs in the LMRSWmodel. The usual equations of
rotating shallow water theory are recovered on the invariant subsystem for 〈ξξ〉 = 0,
on which v = u, and the right hand side of the potential vorticity equation (11.8)
vanishes.
11.2 One dimensional Lagrangian mean shallow water (LMSW)
equations
Restricting the Lagrangian 〈L〉LRSW in equation (11.1) to one dimensional motion
(without rotation) results in
〈L〉LSW =
∫
dx
[
D
2
(
u2 + wu2x
)
−
1
2
g D2 + g DB(x)
]
. (11.9)
Here we denote 〈ξξ〉 by w in one dimension. We also denote partial derivatives by
subscripts and D = h + B(x) is the total depth of the water. The correspond-
ing Euler-Poincare´ equations in momentum conservation form for LMSW in one
dimension are, cf. equations (6.12) – (6.14),
mt = −
(
mu+
1
2
g D2
)
x
+ gDBx , (11.10)
with m defined by m ≡
δ〈L〉LSW
δu
= Du− (Dwux)x , (11.11)
where D and w satisfy Dt = −(Du)x , (11.12)
and wt = −uwx + 2w ux . (11.13)
The corresponding motion equation for the momentum velocity v = m/D is given
by,
vt + u vx + g
(
D −B(x)
)
x
= 0 , where v = u−D−1(Dwux)x . (11.14)
Thus, the Lagrangian mean equation in the case of one dimensional shallow water
again makes just one simple change v → u in the advection term, and introduces an
additional equation for the dynamics of the Lagrangian mean covariance 〈ξξ〉 = w.
An explicit calculation using equations (11.12), (11.13) and the definition of the
momentum velocity v in (11.14) regains the remarkable relation (3.49), expressed in
one dimension as,
vt + u vx = (1−D
−1∂xDw∂x)(ut + uux) . (11.15)
Hence, the one dimensional Lagrangian mean shallow water equation system may
be rewritten as
ut + uux + g (1−D
−1∂xDw∂x)
−1(D −B)x = 0 , (11.16)
Dt + uDx +Dux = 0 , (11.17)
wt + uwx − 2w ux = 0 . (11.18)
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This system for w 6= 0 is no longer hyperbolic; rather, it is conservative and disper-
sive. However, when w = 0, we again recover the usual shallow water dynamics as
an invariant subsystem.
One may also obtain the equations for Lagrangian mean polytropic gas
dynamics with pressure-density relation p = p0(D/D0)
γ , by replacing the motion
equation in the Lagrangian mean shallow water system (11.16) – (11.18) with
ut + uux +
p0γ
Dγ0
(1−D−1∂xDw∂x)
−1Dγ−2Dx = 0 . (11.19)
Thus, equations (11.17) – (11.19) provide a system of Lagrangian mean poly-
tropic gas equations, which is no longer hyperbolic for w 6= 0, but which recovers
the usual polytropic gas dynamics as an invariant subsystem when w = 0. This
system conserves the energy,
E =
∫
dx
[
D
2
(
u2 + wu2x
)
+
po
γ − 1
Dγ
Dγ0
]
. (11.20)
The one dimensional Lagrangian mean models for shallow water and polytropic
gas dynamics given in this Section should provide ample opportunities for testing
the dynamical effects of fluctuations on one dimensional Lagrangian mean fluid
motion, without requiring the more intensive numerics and analysis needed in higher
dimensions. (The three dimensional version of the Lagrangian mean polytropic gas
equations is readily obtained at this point.)
11.3 The Lagrangian mean Riemann (LMR) equation
The process we apply here of fast-slow decomposition, followed by Taylor approxi-
mation and averaging at fixed Lagrangian fluid label in Hamilton’s principle for ideal
fluids produces the following situation. There are more equations in the averaged
approximate model than in the original model and they include the original model
as an invariant subsystem in which the fluctuation covariance vanishes.
The simplest situation for which this occurs is probably the Riemann equation,
ut + 3uux = 0 , (11.21)
which describes one dimensional shock formation and is the Euler-Poincare´ equation
for the Lagrangian,
LR =
∫
dx
1
2
u2 . (11.22)
The corresponding averaged approximate Lagrangian for this problem is (again writ-
ing 〈ξξ〉 = w for the covariance in one dimension)
〈L〉R =
∫
dx
1
2
(u2 +w u2x) , (11.23)
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whose Euler-Poincare´ equation is
vt +
(1
2
u2 +
1
2
w u2x + u v
)
x
= 0 , (11.24)
with
v =
δ〈L〉R
δu
= u−
(
w ux
)
x
, (11.25)
and the one dimensional Lagrangian mean covariance w satisfies
wt = −uwx + 2w ux . (11.26)
The Lagrangian mean Riemann system (11.24) – (11.26) can be rewritten equiva-
lently in (nonlocal) characteristic form as
ut + uux = −
(
1− ∂xw ∂x
)−1
∂x
(
u2 −
1
2
w u2x
)
, (11.27)
and wt = −uwx + 2w ux . (11.28)
We compare the Lagrangian mean Riemann system (11.24) – (11.26) with the
Camassa-Holm (CH) equation, a one dimensional completely integrable nonlinear
dispersive shallow water model [21], [22],
(u− uxx)t +
(1
2
u2 −
1
2
u2x + u (u− uxx)
)
x
= 0 , (11.29)
which may also be written in (nonlocal) characteristic form closely similar to equa-
tion (11.27) as
ut + uux = −
(
1− ∂2x
)−1
∂x
(
u2 +
1
2
u2x
)
. (11.30)
The Camassa-Holm equation (11.29) is the Euler-Poincare´ equation for the La-
grangian
LCH =
∫
dx
1
2
(u2 + u2x) . (11.31)
Further discussions of the solution behavior for the Lagrangian mean Riemann sys-
tem (11.24) – (11.26), including its traveling waves (which may be solved explicitly)
will be given elsewhere [42]. For now, we simply observe that there is a key difference
in sign between the LMR equation (11.27) and the CH equation (11.30).
12 Eulerian mean theory of advected fluctuations
Here we develop an alternative Euler-Poincare´ theory of advected fluctuations from
the viewpoint of Eulerian averaging. We have the same point of departure as for the
Lagrangian mean theory, namely the Lagrangian (2.10) in the Eulerian description,
L(ω) =
∫
d 3x
{
D
2
|U(x, t ;ω)|2 + P (x, t ;ω)
(
1−D(x, t ;ω)
)}
. (12.1)
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The traditional Reynolds decomposition of fluid velocity is expressed at a given
position x in terms of the Eulerian mean fluid velocity, U¯ as
U(x, t ;ω) ≡ U¯(x, t) +U ′(x, t ;ω) . (12.2)
According to equation (4.6) the Eulerian velocity fluctuation U ′(x, t ;ω) is related
to the Eulerian displacement fluctuation — denoted as ζ(x, t ;ω) — by
∂ζ
∂t
+ U¯·∇ζ = ζ · ∇U¯+U ′(x, t ;ω) . (12.3)
As discussed in Section 4, for purely Eulerian velocity fluctuations as in equation
(12.2), this relation separates into two relations: the “Taylor-like” hypothesis of [23],
∂ζ
∂t
+ U¯·∇ζ = 0 ; (12.4)
and the relation
0 = ζ · ∇U¯+U ′(x, t ;ω) . (12.5)
Hence, the Reynolds velocity decomposition (12.2) separates the Lagrangian (12.1)
into its mean and fluctuating pieces, as
L(ω) =
∫
d 3x
{
D
2
∣∣U¯(x, t) +U ′∣∣2 + P (x, t)(1−D(x, t))} . (12.6)
No modification is needed in the pressure constraint in this Lagrangian, because the
Eulerian mean preserves the condition that the velocity be divergenceless; hence,
∇·U¯ = 0. It remains only to take the Eulerian mean of this Lagrangian, in which
we assume 〈ζ 〉E = 0. The Eulerian mean averaging process at fixed position
x is denoted 〈 · 〉E with, e.g.,
U¯(x, t) = 〈U(x, t ;ω)〉E ≡ lim
T→∞
1
T
∫ T
−T
U(x, t ;ω) dω . (12.7)
By equation (12.5), the Eulerian mean kinetic energy due to the velocity fluctuation
satisfies
〈 |U ′|2 〉E = 〈ζkζ l〉EU¯,k · U¯,l . (12.8)
Thus, we find, the following Eulerian mean Lagrangian, (cf. equation (3.54) for the
corresponding Lagrangian mean form)
〈L〉E =
∫
d 3x
{
D
2
[∣∣U¯(x, t)∣∣2 + 〈 ζkζ l〉EU¯,k · U¯,l]+ P (x, t)(1−D(x, t))} .
(12.9)
The advection relation (12.4) implies a similar advection of each component of the
symmetric Eulerian mean covariance tensor 〈 ζkζ l〉E. Thus, we have( ∂
∂t
+ U¯ ·∇
)
〈 ζkζ l〉E = 0 . (12.10)
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This relation the continuity equation for the volume element D,
∂D
∂t
+∇·DU¯ = 0 , (12.11)
complete the auxiliary equations needed for deriving the equation of motion for the
Eulerian mean velocity U¯ from the averaged Lagrangian 〈L〉E in (12.9) by using the
Euler-Poincare´ theory.
The results of Holm, Marsden and Ratiu [1], allow one to compute the Euler-
Poincare´ equation for the Lagrangian 〈L〉E(U¯,D, 〈ζkζ l〉E) in (12.9) depending on
the Eulerian mean velocity U¯, and advected quantities D and 〈ζkζ l〉E as, cf. equa-
tions (2.11) and (6.7),
0 =
(
∂
∂t
+ U¯ j
∂
∂xj
)
1
D
δ〈L〉E
δU¯ i
+
1
D
δ〈L〉E
δU¯ j
U¯ j,i (12.12)
−
∂
∂xi
δ〈L〉E
δD
+
1
D
δ〈L〉E
δ〈ζkζ l〉E
∂
∂xi
〈ζkζ l〉E .
Thus, the Eulerian mean covariance 〈ζkζ l〉E satisfying the scalar advection rela-
tion (12.10) contributes considerably simpler reactive forces than those arising in
equation (6.7) from the Lagrangian mean covariance satisfying the tensor advection
equation (6.5). We compute the following variational derivatives of the averaged
approximate Lagrangian 〈L〉E in equation (12.9)
1
D
δ〈L〉E
δU¯
= U¯−
1
D
(
∂kD〈ζ
kζ l〉E∂l
)
U¯ ≡ V,
δ〈L〉E
δD
= −P +
1
2
|U¯ |2 +
1
2
〈ζkζ l〉E
(
U¯,k · U¯,l
)
≡ −PEtot,
δ〈L〉E
δP
= 1−D ,
δ〈L〉E
δ〈ζkζ l〉E
=
D
2
(
U¯,k · U¯,l
)
. (12.13)
Of course, these variational derivatives are in the same form as in equation set (6.8).
However, the variables here are Eulerian mean quantities and they will enter a dif-
ferent Euler-Poincare´ equation, namely, (12.12), instead of (6.7). This difference
arises because the Eulerian mean covariance 〈ζkζ l〉E advects as an array of scalars
under the Eulerian mean evolution, rather than as the components of a symmetric
tensor. Consequently, the Euler-Poincare´ equation (12.12) for this averaged La-
grangian takes the form,
∂Vi
∂t
+ U¯ jVi,j + VjU¯
j
,i = −
∂PEtot
∂xi
−
1
2
(
U¯,k · U¯,l
)
〈ζkζ l〉E,i , (12.14)
where Vi = U¯i − ∆˜
E
DU¯i with ∆˜
E
D ≡
1
D
(
∂kD 〈ζ
kζ l〉E∂l
)
and U¯ i,i = 0 . (12.15)
The boundary conditions we shall choose for this motion equation are
V·nˆ = 0 , U¯ = 0 , and nˆ · 〈ξξ〉E = 0, on a fixed boundary. (12.16)
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Then, provided the Helmholtz operator 1 − ∆˜ED for D = 1 may be inverted, the
Eulerian mean pressure P may be obtained by solving an elliptic equation.
Contrasting the Euler-Poincare´ equation (12.14) with the CH equation.
When the Eulerian mean covariance is isotropic and homogeneous, so that 〈ζkζ l〉E =
α2δkl, for a constant length scale α, then this equation reduces to the n-dimensional
Camassa-Holm equation introduced in [1], [2]. Thus, the n-dimensional CH equation
set is an invariant subsystem of the Euler-Poincare´ system (12.14), with defini-
tion (12.15) and advection law (12.10), because the initial condition 〈ζkζ l〉E = α2δkl
is invariant under the dynamics of equation (12.10).
Physical interpretation of V as the Lagrangian mean velocity for EMM.
The Stokes mean drift velocity is defined by [12],
〈U〉S ≡ 〈ζ · ∇U ′ 〉E . (12.17)
Hence, equation (12.5) implies
〈U〉S = −〈ζ · ∇ζ · ∇〉EU¯ = − ∆˜EU¯+ o(|ζ|2) , (12.18)
where
∆˜E ≡
(
∂k 〈ζ
kζ l〉E∂l
)
= ∆˜ED
∣∣
D=1
, (12.19)
and we again argue that ∇ · ζ = o(|ζ|2). Thus, we find that V satisfies, to order
o(|ζ|2),
V ≡ U¯− ∆˜EU¯ = U¯+ 〈U〉S = 〈U〉L . (12.20)
Therefore, to this order, V is the Lagrangian mean velocity for the EMM
theory. Thus, the duality between the Lagrangian mean velocity and the Eulerian
mean velocity is reciprocated. In Eulerian mean theories the dual momentum is the
Lagrangian mean velocity, and vice versa.
Contrasting the Euler-Poincare´ equation (12.14) with the CL equation.
The EMM motion equation (12.14) may be rewritten equivalently as( ∂
∂t
+V ·∇
)
V+ (V − U¯)× curlV︸ ︷︷ ︸
Stokes vortex force
+ ∇P −
1
2
〈ζkζ l〉E∇
(
U¯,k · U¯,l
)
= 0 .
(12.21)
Thus, the Stokes mean drift velocity V − U¯ = ∆˜EU¯ contributes an additional
vortex force in this motion equation for the Lagrangian mean fluid velocity V.
This equation is similar in form to the CL equation (4.26). However, the meaning
of the velocities are reversed in the two cases: the CL equation is for the Eulerian
mean velocity U¯; and the EMM equation is for the Lagrangian mean velocity V.
The Stokes mean drift velocity is also prescribed for the CL equation, rather than
being determined dynamically.
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12.1 Kelvin circulation theorem for the Eulerian mean model
Being Euler–Poincare´, the Eulerian mean model (EMM) equation (12.14) has a cor-
respondingKelvin-Noether circulation theorem. Namely, this equation implies,
cf. equation (6.32),
d
dt
∮
γ(U¯)
V · dx = −
1
2
∫ ∫
S(U¯)
∇
(
U¯,k · U¯,l
)
×∇〈ζkζ l〉E · dS , (12.22)
for any closed curve γ(U¯) that moves with the Eulerian mean fluid velocity U¯
and surface S(U¯) with boundary γ(U¯). Thus, in this Kelvin-Noether circulation
theorem the presence of the Eulerian mean fluctuation covariance 〈ζkζ l〉E creates
circulation of the Lagrangian mean velocity V = U¯− ∆˜EU¯.
12.2 Vortex stretching equation for the Eulerian mean model
In three dimensions, the EMM equation (12.14) may be expressed in its equivalent
“curl” form, as
∂
∂t
V − U¯×
(
∇×V
)
+∇
(
PEtot + U¯ ·V
)
= −
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E , ∇ · U¯ = 0 .
(12.23)
The curl of this equation in turn yields an equation of transport and creation for
the Lagrangian mean vorticity, Q ≡ curlV,
∂Q
∂t
+ U¯ · ∇Q = Q · ∇U¯−
1
2
∇
(
U¯,k · U¯,l
)
×∇〈ζkζ l〉E , where Q ≡ curlV ,
(12.24)
and we have used incompressibility of U¯. Thus, U¯ is the transport velocity for
the generalized vorticity Q and the expected vortex stretching term Q · ∇U¯ is
accompanied by an additional vortex creation term. Of course, this additional
term is also responsible for the creation of circulation of V in the Kelvin-Noether
circulation theorem (12.22) and it vanishes when the Eulerian mean covariance is
homogeneous in space, thereby recovering the corresponding result for the three
dimensional CH equation [1], [2].
12.3 Energetics of the Eulerian mean model
Noether’s theorem guarantees conservation of energy for the Euler-Poincare´
equations (12.14), since the Eulerian mean Lagrangian 〈L〉E in equation (12.9) has
no explicit dependence on time. This constant energy is given by
E =
1
2
∫
d 3x
(
|U¯ |2 + 〈ζkζ l〉EU¯,k · U¯,l
)
=
1
2
∫
d 3x U¯ ·V . (12.25)
Thus, the total kinetic energy is the integrated product of the Eulerian mean and
Lagrangian mean velocities. In this kinetic energy, the Eulerian mean covariance
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of the fluctuations couples to the gradients of the Eulerian mean velocity. So there
is a cost in kinetic energy for the system either to increase these gradients, or to
increase the Eulerian mean covariance.
As one might expect from the analysis in Section 7, Legendre transforming the
Lagrangian 〈L〉E in (12.9) gives the followingHamiltonian (still expressed in terms
of the velocity U¯, instead of the momentum density M = δ〈L〉E/δU¯ = DV),
HE =
∫
M
dnx
[ D
2
(
|U¯ |2 + 〈ζkζ l〉EU¯,k · U¯,l
)
+ P (D − 1)
]
. (12.26)
Remark on the geodesic property of the EMM model. When evaluated on
the constraint manifold D = 1, the Lagrangian in (12.9) and the Hamiltonian in
(12.26) for the Eulerian mean fluid motion equation (12.14) coincide in n dimen-
sions. This is expected for a stationary principle giving rise to geodesic motion.
The interpretation of the EMM model as describing geodesic motion on the volume
preserving diffeomorphism group with respect to the H1 metric given by (12.25) is
discussed in [23] for the CH case, in which the Eulerian mean covariance is isotropic
and homogeneous. The corresponding discussion for the EMM equations is equiv-
alent to that given in [23], since the metrics are equivalent, provided the initial
conditions for 〈ζkζ l〉E are bounded away from zero.
12.4 Momentum conservation – stress tensor formulation
Noether’s theorem also guarantees conservation of momentum for the Euler-Poincare´
equations (12.14), since the Eulerian mean Lagrangian 〈L〉E in equation (12.9) has
no explicit spatial dependence. As before, the integrand L in this Lagrangian is a
polynomial in the Lagrangian mean velocity U¯, its gradient U¯,k, and the advected
quantities D and 〈ζkζ l〉E. That is,
〈L〉E =
∫
d 3x L
(
U¯, U¯,k , D, 〈ζ
kζ l〉E
)
, (12.27)
with L a polynomial function of its arguments. In this case, we may express the
Eulerian mean Euler–Poincare´ equations (12.14) in themomentum conservation
form,
∂Mi
∂t
= −
∂
∂xj
T ji , (12.28)
with momentum density components Mi, i = 1, 2, 3 defined by
Mi ≡
δ〈L〉E
δU¯ i
=
∂L
∂U¯ i
−
∂
∂xk
(
∂L
∂U¯ i,k
)
, (12.29)
and stress tensor T ji given by, cf. equation (6.14),
T ji =MiU¯
j −
∂L
∂U¯k,j
U¯k,i + δ
j
i
(
L−D
∂L
∂D
)
. (12.30)
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Equation (12.28) then implies conservation of the total momentum,
∫
M d 3x, pro-
vided the normal component of the stress tensor T ji vanishes on the boundary.
In our particular case, expression (12.30) for the stress tensor T ji becomes
T ji =MiU¯
j −DU¯,k · U¯,i 〈ζ
kζj〉E + Pδji , where Mi = D(U¯i − ∆˜
E
DU¯i) . (12.31)
Consequently, the equivalent Euler-Poincare´ motion equation (12.14), or (12.23) is
also expressible as
∂Vi
∂t
= −
∂
∂xj
(
Vi U¯
j + Pδji − U¯,k · U¯,i 〈ζ
kζj〉E
)
, with Vi ≡Mi
∣∣
D=1
. (12.32)
The boundary conditions are given in equation (12.16).
12.5 A second moment turbulence closure model for EMM
When dissipation and forcing are added to the EMM motion equation (12.14) by
using the phenomenological viscosity ν∆˜EV and forcing F, one finds a second
moment Eulerian mean turbulence model given by( ∂
∂t
+ U¯ ·∇
)
V + Vj∇U¯
j + ∇PEtot +
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E (12.33)
= ν ∆˜EV+ F , where ∇· U¯ = 0 ,
with viscous boundary conditions V = 0, U¯ = 0 at a fixed boundary. Note that the
Eulerian mean fluctuation covariance 〈ζkζj〉E appears in the dissipation operator
∆˜E. In the absence of the forcing F satisfying appropriate regularity conditions,
this viscous EMM turbulence model dissipates the energy E in equation (12.25)
according to
dE
dt
= − ν
∫
d 3x
[
tr(∇U¯T · 〈ζζ〉E ·∇U¯) + ∆˜EU¯ · ∆˜EU¯
]
. (12.34)
This negative definite energy dissipation law justifies adding viscosity with ∆˜E ,
instead of using the ordinary Laplacian operator.
13 Geophysical applications of the Eulerian mean model
13.1 Eulerian mean Euler-Boussinesq equations
Introducting rotation and stratification alters the averaged approximate Lagrangian
〈L〉E in equation (12.9) to the following expression,
〈L〉EEB =
∫
d 3x
{
D
2
[
|U¯ |2 + 〈ζkζ l〉E
(
U¯,k · U¯,l
)]
+ DR(x) · U¯− g bD z + P
[
1−D
]}
. (13.1)
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To account for buoyancy b in the Euler-Poincare´ equation (12.12), the right hand side
should have the additional summand, D−1b,i δ〈L〉
E
EB/δb. Then, the Euler-Poincare´
equation resulting from 〈L〉EEB in (13.1) is
∂V
∂t
+ U¯ ·∇V + Vj∇ U¯
j − U¯× curlR(x)
= − gb zˆ −∇PEtot −
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E , (13.2)
where V ≡ (1 − ∆˜E)U¯ , with ∆˜E ≡∇ · 〈 ζζ〉E·∇ , (13.3)
and the Eulerian mean flow is incompressible, so ∇·U¯ = 0. The auxiliary equations
that complete this set are( ∂
∂t
+ U¯ ·∇
)
b = 0 ,
( ∂
∂t
+ U¯ ·∇
)
〈 ζζ〉E = 0 ,
∂D
∂t
+∇· (DU) = 0 , (13.4)
These Eulerian mean Euler-Boussinesq (EMEB) equations describe the
Eulerian mean effects of fluctuations on the ideal motion of a stratified incompress-
ible fluid in a rotating reference frame. The motion equation for this system may
be rewritten in curl form, as
∂
∂t
V − U¯× curl (V +R) +∇
(
PEtot + U¯ ·V
)
+ gb∇z +
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E = 0 .
(13.5)
The Kelvin-Noether circulation theorem for the EMEB model is given by,
d
dt
∮
γ(U¯)
(V +R) · dx = −
∫ ∫
S(U¯)
[1
2
∇
(
U¯,k · U¯,l
)
×∇ 〈ζkζ l〉E + g∇b×∇ z
]
· dS .
(13.6)
Here, the closed curve γ(U¯) moves with the Eulerian mean fluid velocity U¯ and is
the boundary of the surface S(U¯). There are two vorticity creation terms in the
Kelvin-Noether circulation theorem (13.6). Thus, spatial variation in the Eulerian
mean covariance and nonvertical buoyancy gradients can both create circulation
of the sum V + R around closed fluid loops moving with velocity U¯. Naturally,
the same vorticity creation terms appear in the dynamics of the Lagrangian mean
vorticity Q = curlV, which may be obtained by taking the curl of equation (13.5).
The conserved energy for the EMEB system (13.2) – (13.3) is given by a
formula similar to equation (10.7) for the LMEB model, which is
EEMEB =
∫
d 3x
[
1
2
(
|U¯ |2 + tr(∇U¯
T
· 〈 ζζ〉E ·∇U¯)
)
+ g b z
]
. (13.7)
Adding dissipation semiempirically as before yields equations (1.18) – (1.19) in the
Introduction.
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13.2 2D Eulerian mean rotating shallow water (EMRSW)
We apply the standard shallow water approximations to the averaged approximated
EMEB Lagrangian 〈L〉E in equation (13.1) to find a new Lagrangian 〈L〉ERSW for
the dynamics of Eulerian mean rotating shallow water (EMRSW),
〈L〉ERSW =
∫
dx dy
{
D
2
[
|U¯ |2 + 〈ζkζ l〉E
(
U¯,k · U¯,l
)]
+ DR(x) · U¯−
1
2
g D2 + gDB(x, y)
}
. (13.8)
Here D = h+B(x, y) is the total depth of the water, which satisfies the continuity
equation,
∂D
∂t
+∇· (DU¯) = 0 , (13.9)
and the Eulerian mean covariance 〈ξξ〉E satisfies the dynamics inherited from the
Taylor-like hypothesis (12.4),( ∂
∂t
+ U¯ ·∇
)
〈 ζζ〉E = 0 . (13.10)
The Euler-Poincare´ motion equation (12.12) for EMRSW dynamics generated by
the Lagrangian 〈L〉ERSW is expressed as( ∂
∂t
+ U¯ ·∇
)
V − U¯× curlR(x) + g∇
(
D −B(x, y)
)
= − Vj∇ U¯
j −
1
2
(
U¯,k · U¯,l
)
∇〈ζkζ l〉E , (13.11)
where the Eulerian mean circulation velocity V = (1 − ∆˜ED)U¯ is defined as in
equation (12.15), but now in 2D. The left hand side of this equation is the same
as the standard motion equation for rotating ideal shallow water dynamics, modulo
the substitution U¯ → V and the additional dynamics for the covariance 〈 ζζ〉E .
The right hand side has a “line element stretching term” and a “covariance gradient
term.”
This motion equation for EMRSW implies the Kelvin-Noether circulation
theorem, cf. equation (12.22),
d
dt
∮
γ(U¯)
(V +R) · dx = −
1
2
∫ ∫
S(U¯)
[
∇
(
U¯,k · U¯,l
)
×∇ 〈ζkζ l〉E
]
· dS , (13.12)
with fluid loop γ(U¯) and surface S(U¯), as before. Thus, as for the EMM model, the
covariance gradient term has the effect of generating (total) circulation. The curl of
the EMRSW motion equation yields, with Q = zˆ·curl (V +R),( ∂
∂t
+ U¯ ·∇
)(Q
D
)
= −
1
2D
zˆ · ∇
(
U¯,k · U¯,l
)
×∇ 〈ζkζ l〉E . (13.13)
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Thus, the potential vorticity Q/D is not conserved on fluid parcels by the EMRSW
model, but instead has a local creation term proportional to ∇〈ζkζ l〉E . However,
conservation of circulation on fluid loops and conservation of potential vorticity Q/D
on fluid parcels is recovered for the invariant subsystem 〈 ζζ〉E = α2δkl with constant
α2. For this invariant subsystem, we have V = (1 − α2∆)U¯ (with the ordinary
Laplacian operator) and the covariance gradient ∇〈ζkζ l〉E vanishes. Hence, the
right hand sides of equations (13.12) and (13.13) also vanish in this case; so that
the Kelvin circulation integrals are constant and the potential vorticity is conserved
on fluid parcels in this case.
13.3 1D Eulerian mean shallow water model
Restricting the Lagrangian 〈L〉ERSW in equation (13.8) to one dimensional motion
(without rotation) results in
〈L〉ESW =
∫
dx
[
D
2
(
U¯2 +WU¯2x
)
−
1
2
g D2 + g DB(x)
]
. (13.14)
HereW denotes 〈 ζζ〉E in 1D, subscripts denote partial derivatives andD = h+B(x)
is the depth of the water. The corresponding Euler-Poincare´ equation is, from
equation (12.12),
Vt + U¯Vx + V U¯x +
1
2
Wx U¯
2
x +
[
g(D −B(x))−
1
2
(U¯2 +WU¯2x)
]
x
= 0 . (13.15)
This may also be written in momentum conservation form for EMSW in 1D as, cf.
equations (12.28) – (12.30),
Mt = −
(
MU¯ −DWU¯2x +
1
2
g D2
)
x
+ gDBx , (13.16)
with M defined by M ≡
δ〈L〉ESW
δU¯
= DU¯ − (DWU¯x)x , (13.17)
where D and W satisfy Dt = − (DU¯)x , (13.18)
and Wt = − U¯ Wx . (13.19)
The equivalent equations (13.15) and (13.16) simplify into the following motion
equation for the Lagrangian mean velocity V =M/D,
Vt + U¯ Vx −D
−1(DWU¯2x)x = −g
(
D −B(x)
)
x
,
where V = U¯ − D−1(DWU¯x)x . (13.20)
Thus, the Eulerian mean equation for one dimensional shallow water makes the
change V → U¯ in the advection term, and introduces another term on the left hand
side. Amusingly, this other term is half the commutator of the advective derivative
d/dt and the Helmholtz operator 1− ∆˜ED acting on U¯ . That is,
2D−1(DWU¯2x)x =
[( ∂
∂t
+ U¯
∂
∂x
)
,
(
1−D−1
∂
∂x
DW
∂
∂x
)]
U¯ . (13.21)
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Therefore, we have two equivalent forms of the 1D EMSW equations
Vt + U¯ Vx −D
−1(DWU¯2x)x = −g
(
D −B(x)
)
x
, (13.22)
(1− ∆˜ED)(U¯t + U¯ U¯x) +D
−1(DWU¯2x)x = −g
(
D −B(x)
)
x
, (13.23)
where V = (1− ∆˜ED) U¯ = U¯ − D
−1(DWU¯x)x . (13.24)
Hence, the one dimensional Eulerian mean shallow water system may be
rewritten as, cf. equation (11.16),
U¯t + U¯ U¯x + (1− ∆˜
E
D)
−1
[
g (D −B)x +D
−1(DWU¯2x)x
]
= 0 , (13.25)
Dt + U¯ Dx +DU¯x = 0 , Wt + U¯ Wx = 0 , (13.26)
(1− ∆˜ED) ≡ (1−D
−1∂xDW ∂x) . (13.27)
This system for W 6= 0 is no longer hyperbolic; rather, it is conservative and dis-
persive. When W is constant, we obtain the shallow water alpha-model as an
invariant subsystem.
The equations for Eulerian mean polytropic gas dynamics with pressure-
density relation p = p0(D/D0)
γ , are obtained by replacing the motion equation in
the Eulerian mean shallow water system (13.25) – (13.27) with
U¯t + U¯ U¯x +
(
1− ∆˜ED
)− 1[ p0γ
Dγ0
Dγ−2Dx +D
−1(DWU¯2x)x
]
= 0 . (13.28)
Thus, equations (13.26) – (13.28) provide a system of Eulerian mean polytropic
gas equations, which is no longer hyperbolic for W 6= 0, and which recovers the
polytropic gas alpha model as an invariant subsystem when W is constant. This
system conserves the energy,
E =
∫
dx
[
D
2
(
U¯2 +WU¯2x
)
+
po
γ − 1
Dγ
Dγ0
]
. (13.29)
13.4 The Eulerian mean Riemann (EMR) equation
For another illustration of the Eulerian mean methodology in one dimension, we
return to the Riemann equation,
U¯t + 3U¯ U¯x = 0 . (13.30)
This is the Euler-Poincare´ equation for the Lagrangian,
LR =
∫
dx
1
2
U¯2 . (13.31)
The corresponding Eulerian mean approximate Lagrangian for this problem is (again
writing 〈 ζζ〉E =W for the Eulerian mean covariance in one dimension)
〈L〉ER =
∫
dx
1
2
(U¯2 +W U¯2x) , (13.32)
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whose Euler-Poincare´ equation is
Vt + U¯Vx + 2V U¯x +
1
2
Wx U¯
2
x = 0 , (13.33)
with
V =
δ〈L〉ER
δU¯
= U¯ −
(
W U¯x
)
x
, (13.34)
where the one dimensional Eulerian mean covarianceW satisfies the scalar advection
law
Wt = − U¯ Wx . (13.35)
The Eulerian mean Riemann system (13.33) – (13.35) can be rewritten in momen-
tum conservation form as
Vt +
(1
2
U¯2 −
W
2
U¯2x + U¯ V
)
x
= 0 , (13.36)
and in nonlocal characteristic form as
U¯t + U¯ U¯x = −
(
1− ∂xW ∂x
)−1
∂x
(
U¯2 +
W
2
U¯2x
)
, (13.37)
and Wt = − U¯ Wx . (13.38)
We compare the Eulerian mean Riemann system (13.33) – (13.35) with the com-
pletely integrable model of Camassa-Holm [21], [22] for nonlinearly dispersive shal-
low water waves. The equation of motion for the CH model can be written in
momentum conservation form as, cf. equation (13.36),
(U¯ − U¯xx)t +
(1
2
U¯2 −
1
2
U¯2x + U¯ (U¯ − U¯xx)
)
x
= 0 . (13.39)
Moreover, the CH equation may also be written in nearly the same (nonlocal) char-
acteristic form as equation (13.37) for the EMR problem,
U¯t + U¯ U¯x = −
(
1− ∂2x
)−1
∂x
(
U¯2 +
1
2
U¯2x
)
. (13.40)
The CH equation (13.39) is the Euler-Poincare´ equation for the Lagrangian
LCH =
∫
dx
1
2
(U¯2 + U¯2x) . (13.41)
Thus, the Eulerian mean Riemann system (13.33) – (13.35) reduces to the CH equa-
tion (13.39) for W = 1 (or for any other nonzero constant, which can be absorbed
into the spatial length scale). Hence, the Eulerian mean Riemann system is the
natural extension of the CH model to allow for time dependence of the length scale
associated with W , the Eulerian mean covariance of the rapid fluctuations. More
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14 Conclusions
We have considered two classes of models that describe the mean motion of a fluid
in the presence of rapid or random fluctuations. These are:
• The Lagrangian mean fluid models, in which the fluctuation is modeled
as a displacement of the Lagrangian fluid parcel trajectory and averages are
taken holding its Lagrangian label fixed; and
• The Eulerian mean fluid models, in which the fluctuation is modeled as
occurring at a fixed position, based on the traditional Reynolds decomposition
of the fluid velocity, and averages are taken at fixed spatial position.
At linear order in a Taylor expansion in the magnitude of the fluctuations we obtain
the relation (4.6) that allows us to treat the two classes of models on the same
mathematical footing. We apply asymptotics and averaging methods to Hamilton’s
principle for an ideal fluid and use the Euler-Poincare´ theory of Holm, Marsden and
Ratiu [1], [2] to determine the equations of motion that result in each class of model.
From the Euler-Poincare´ viewpoint, the two classes of models differ from each
other primarily in the way they treat Taylor’s hypothesis, that the fluctuations
should be “frozen” into the mean flow. We take Taylor’s hypothesis to mean that
the fluctuations should “transform” in a certain way under the action of the mean
flow. In the Eulerian mean models, the displacement fluctuation transforms under
the action of the Eulerian mean flow as a collection of scalars, by parallel transport.
(See [23] for a mathematical description of this action using parallel transport in
a composition of diffeomorphisms in a manifold setting.) In the Lagrangian mean
models, the displacement fluctuation transforms under the action of the Lagrangian
mean flow as a vector field, by Lie transport as in equation (3.17).
The two different models yield different equations via the Euler-Poincare´ theory.
However, these equations are “dual” to each other in the physical interpretations of
their solutions. Namely, the momentum evolving in the Lagrangian mean models
is interpreted in Section 4 as the Eulerian mean velocity. And, vice versa, the
momentum evolving in the Eulerian mean models is interpreted in Section 12 as
the Lagrangian mean velocity. The energy in both models is the total mean kinetic
energy. The formal source of this duality between the two classes of models turns
out to be their shared form of conserved total mean kinetic energy. This kinetic
energy in both cases may be interpreted as the domain-integrated product of the
Eulerian mean velocity times the Lagrangian mean velocity. These two velocities
are related in both classes of models by a dynamical Helmholtz operator whose
metric is the covariance of the fluctuations. Evenness of this Helmholtz operator
allows the kinetic energy to be written as the H1 norm of whichever velocity is being
studied. Then, the variational derivative of the kinetic energy with respect to one
of these velocities summons the other one and thereby produces the duality, in their
Euler-Poincare´ equations.
The effect of the averaging in either case is to make the solution velocity smoother
than the momentum, or circulation velocity that it transports, via the inversion of
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the Helmholtz operator that relates the two velocities. The covariance that provides
the metric appearing in this Helmholtz operator introduces a length scale which
evolves with the mean flow according to the appropriate Taylor hypothesis for the
fluctuations. The magnitude of this length scale determines the smoothness of the
solution velocity for both classes of models. The mechanism for the smoothing
is nonlinear dispersion in these ideal fluid theories (before viscosity is added).
The nonlinear dispersion contains the length scale associated with the covariance
and acts to suppress the magnitude of the fluidic triad interaction at smaller length
scales. Normally, the triad interaction in fluid dynamics drives the cascade of energy
forward to smaller length scales. However, in both of the classes of mean fluid models
we study here this process is suppressed by nonlinear dispersion. In summary,
The nonlinear dispersion in these mean fluid theories acts to make the
transport velocity smoother than the circulation or momentum velocity,
by the inversion of a Helmholtz operator whose length scale corresponds
to the fluctuation covariance.
These mean theories each provide either an extension, or a development of the
viscous Camassa-Holm equation (VCHE, or NS-α) that has recently been introduced
as a one-point turbulence closure model, [3]– [5]. The Eulerian mean models are
indeed natural extensions of the VCHE, or NS-α models to second order closures for
turbulence. The Eulerian mean models reduce to the VCHE, or NS-α model when
the Eulerian mean fluctuation covariance is spatially homogeneous. The Lagrangian
mean models are another departure which also provides a second moment closure for
turbulence that is related to the VCHE, or NS-α model, but does not contain it as
an invariant subsystem unless the covariance vanishes entirely. Which approach will
eventually lead to an appropriate model for climate and other long time geophysical
applications remains to be seen.
We also formulated several examples of these Eulerian mean and Lagrangian
mean fluid models in fewer dimensions, in the hopes that these simpler examples
will provide additional physical insight into the dynamical behavior of these two
classes of models.
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